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Abstract

ELECTRONIC STRUCTURE AND
NUCLEAR MAGNETIC RESONANCE
CHEMICAL SHIFT OF SOLIDS AND SURFACES

by

Bernd Georg Pfrommer

Doctor of Philosophy in Physics
University of California at Berkeley

Professor Steven G. Louie, Chair

Several different topics related to the electronic structure of solids and surfaces are discussed in
this thesis. With the quasi-Newton algorithm for relaxing crystal structures, and a new ab initio
method to compute nuclear magnetic resonance (NMR) chemical shifts, numerical methods are
developed and implemented to efficiently compute properties related to the electronic structure.
These techniques are then applied to a range of different materials. The quasi-Newton method
is used to study the recently discovered high-pressure R8 phase of silicon, and the fcc-hcp high-
pressure structural phase transition of xenon. Using the pressure-induced magnetic phase transition
of a model atomic hydrogen crystal as a test system, the accuracy of density functional theory in both
the generalized gradient approximation (GGA) and the local spin density approximation (LSDA)
is compared to variational quantum Monte Carlo (VQMC) calculations [1]. Finally, for the first
time, the NMR chemical shift of extended systems such as amorphous carbon and the hydrogenated
diamond (111) surface are calculated from first principles.

e In the first chapter, a model body-centered cubic (bcc) atomic hydrogen solid is studied using
density functional theory in LSDA and GGA. In GGA, the paramagnetic to antiferromagnetic
phase transition occurs at a higher density, and is in much better agreement with previous
VQMC calculations than LSDA. The metal-insulator transition in GGA is observed at a higher
density and is also closer to the VQMC result than LSDA. For the limit of isolated hydrogen
atoms, it is found that in GGA the self-consistent electron density is greatly improved over
LSDA due to a better cancellation of the spurious electronic self-interaction.

e How a quasi-Newton method can be used to simultaneously relax the internal coordinates
and lattice parameters of crystals under pressure is the subject of the second chapter. The
symmetry of the crystal structure is preserved during the relaxation. From the inverse of the
Hessian matrix, elastic properties and some optical phonon frequencies at the Brillouin zone
center can be estimated. The efficiency of the method is demonstrated for silicon test systems.

e Chapter three presents a detailed ab initio study of the electronic and structural properties
of the recently discovered R8 phase of silicon. Within the framework of density functional



theory in LDA, and using pseudopotentials with a plane wave basis set, the energetics of the
R8 phase compared to the other tetrahedrally-bonded diamond, 8-Sn, and BC8 phases, are
examined. The bonding properties and the pressure dependence of the bond lengths of the
BC8 and R8 phases are investigated. An analysis of the band structure reveals that R8 silicon
could be a semimetal or a semiconductor with a small, indirect band gap. The computed
density of states of R8 silicon shows a sharpening of the valence band edge similar to the one
observed for amorphous silicon.

In chapter four, the fcc-hep high pressure structural phase transition of xenon is calculated,
and the results are compared with experimental data from S. Caldwell, J. Nguyen, and R.
Jeanloz [2]. Also, several candidate xenon-iron compounds under pressures of up to 500 GPa
are simulated in order to explore the possibility of xenon having compounded with the iron in
Earth’s core, which could explain the low abundance of Xe in Earth’s atmosphere. However,
it is found that all considered Xe and Fe compounds are rather unstable, and even at high
pressures, the formation of a chemical bond is unlikely.

Chapter five describes a theory for the ab initio computation of the NMR chemical shift
in extended systems, using periodic boundary conditions. This approach can be applied to
periodic systems like crystals, surfaces, or polymers and, with a supercell technique, to non-
periodic systems such as amorphous materials, liquids, or solids with defects. Calculations
of hydrogen chemical shifts for a set of free molecules are presented, using density functional
theory in LDA.

In chapter six, the NMR chemical shift spectra of diamond, CVD diamond, and diamond-like
amorphous carbon are computed from first principles. The results are in excellent agreement
with experiments, and are useful for the interpretation of NMR spectra in terms of the mi-
croscopic structure of the materials. In particular, it is shown that the NMR and Raman line
widths in polycrystalline CVD diamond are due to stress fluctuations, and a heterogeneous
model for the amorphous hydrogenated phase is supported.

Unexpected features in the NMR chemical shift spectra of the hydrogenated diamond (111)
surface are reported in chapter seven. On this surface, the presence of unoccupied surface
states has a strong paramagnetic effect on the carbon chemical shift when the external mag-
netic field is applied parallel to the surface. As the surface states decay towards the interior of
the diamond crystal, so does their paramagnetic influence, which might open up the possibility
of measuring the decay of surface states by NMR.
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Chapter 1

Density-functional study of solid bcc hydrogen

1.1 Introduction

Although density functional theory (DFT) in the local spin density approximation (LSDA)
correctly describes the electronic structure of many systems, it fails in certain cases. In particular,
the typical Mott insulators such as the transition metal oxides FeO and CoO are found to be metals.
For CuO, not even the antiferromagnetic (AFM) order, a ground state property, is reproduced [3].
Likewise, the undoped parent compound of high-T,. materials, LagCuQy, is a paramagnetic metal
[4] in LSDA, but an AFM insulator in experiment.

To overcome these difficulties, the LSDA has been improved in several different ways. The self-
interaction-corrected LSDA (SIC-LSDA) correctly predicts that MnO, FeO, CoO, NiO, and CuO
are AFM insulators, and drastically improves gaps and local magnetic moments [5]. Due to the
numerical effort involved, this method is however not readily applicable to larger systems.

Other studies employ an “LDA+U” approach [3, 4, 6, 7, 8], where the local density approxi-
mation (LDA) or LSDA are augmented by additional terms to introduce the Hubbard energy U.
These methods have enjoyed considerable success [4, 7] in that they correctly reproduce the AFM
ground states of NiO, CoO, FeO, and LayCuOy4. A systematic improvement of the ground-state and
single-electron excited-state properties over LSDA has also been reported [9] for LaM O3 perovskites
(M=Ti-Cu). On the other hand, the method fails for early 3d transition-metal oxides [3].

Finally, generalized gradient approximations [10] (GGA) have been applied to Mott insulators.
A fairly clear picture emerges from a literature review [11, 12, 13, 14]. GGA systematically improves
over LSDA, but often not enough. For instance, the insulating YTiOj3 is metallic [11] both in GGA
and LSDA, but with a smaller band overlap in GGA. GGA slightly enhances the magnetic moments
of MnO, NiO, and CoO, and substantially improves the HOMO-LUMO band gaps of MnO and NiO
[12]. In GGA, the AFM insulator CaCuOs; is found [13] to be a paramagnetic (PM) metal, but it
is closer to an AFM instability than in LSDA. For FeFy, CoF9 [13], YVOs3, and LaVO3 [14], GGA
correctly yields an insulator, whereas LSDA predicts a metal.

In this chapter, we compare the Ceperley-Alder [15] LSDA functional in the parametrization of
Perdew and Zunger [16] with the Perdew-Wang 91 GGA functional (GGA PW91)[10]. We consider
two systems: atomic hydrogen, and a model body-centered cubic (bce) atomic hydrogen crystal.
For atomic hydrogen, the exact solution to the electronic structure problem is known. In the bcc
model solid, we can judge the quality of the density functionals by comparing with variational
quantum Monte Carlo (VQMC) calculations from Jing Zhu’s thesis [1]. We will focus on the
accuracy with which the density functionals reproduce the magnetic and the Mott metal-insulator
transitions. This transition is of particular interest because of the ongoing experimental efforts to
produce metallic hydrogen [17, 18, 19]. In contrast with many metal oxides, solid hydrogen is a
rather delocalized system, since near the phase transition, the hydrogen 1s wave functions overlap
considerably. Therefore, the “LDA+4U” method might not be appropriate here [6].
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Etot T V EH Ex Ec E:cc
Exact -1 1 -2 0.625 -0.625 0 -0.625
LSDA -0.958 0.933 -1.891 0.597 -0.513 -0.044 -0.557
PW91 -1.003 0.993 -1.991 0.615 -0.606 -0.013 -0.619

Table 1.1: Values (in Rydbergs) for total energy Ej,, kinetic energy 7', potential energy V', Hartree
energy FEp, exchange energy E,, correlation energy FE,., and exchange-correlation energy Ep.. A
self-consistent electron density is used for the GGA PW91 functional and the LSDA.

1.2 Hydrogen atom

In the Kohn-Sham [20] approach, the electronic energy Ejq is the sum of four terms:
Byt =T +V +Exg + Eye . (1.1)

For a single-electron system such as the hydrogen atom, the exchange-correlation energy E,. should
exactly cancel the spurious self-interaction Hartree energy Ep, such that only the kinetic energy
T and the ionic potential energy V are left, and the corresponding Kohn-Sham equation turns
into Schrodinger’s equation. The exchange-correlation energy E. can be decomposed further into
exchange and correlation energy, E,. = E, + E., where E, is defined as the Kohn-Sham exchange
energy computed from the single-particle density matrix of the exact Kohn-Sham orbitals [21].
Obviously, £, = —FEp, and therefore E,. = 0.

In Table 1.1, we show the numerical values for the various terms in (1.1) for the hydrogen atom.
The energies have been calculated with the self-consistent electron number densities n(r). Similar
results have been published previously [21, 22], but not for self-consistent densities. For comparison,
we also show the exact analytic results in Table 1.1. The GGA PWO91 functional not only gives a
much better agreement for the total energy than LSDA, but also the individual terms are closer to
the exact values. Further, the separation between exchange and correlation appears to be improved,
although from a practical point of view, this is immaterial.

As is evident from the kinetic and potential energy terms in Table 1.1, the self-consistent electron
densities in GGA PW91 and LSDA must differ. They are shown in Fig. 1.1, along with the exact
density. We see that the GGA PW91 pulls the wave function in towards the nucleus, compared to
the LSDA, such that the self-consistent density is much closer to the exact one. This also explains
why the kinetic energy is higher, and the potential energy is lower in GGA PW91 than in LSDA.

The differences in the self-consistent electron density are due to the exchange-correlation poten-
tial vge(r) = 0E,./dn(r). Fig. 1.2 shows the exchange-correlation potentials for LSDA and GGA
PW91, and the exact exchange-correlation potential, which is just the negative of the Hartree po-
tential, vy (r) = [ ‘:”(_r;,)‘ d3r', using Rydberg units. We see that neither LSDA nor GGA PW91 track
the exact exchange correlation potential well, and they both do not show the correct asymptotic
limit [23] for large r, which is lim,_,oc v3.(r) = —2/r. The wiggle in the GGA PW91 exchange-
correlation potential at about 7 = 5 a.u. (1 a.u. being the Bohr radius) is not an artifact of the
implementation, but stems from the particular functional form of the PW91 exchange potential.
Notice also the divergence at the origin, which is intrinsic to all gradient-corrected functionals.
The improved quality of the electron density in GGA PW91 over LSDA thus appears somewhat
fortuitous, since the potential shows deficiencies at large and small r, but has just the appropriate
slope in the regime between r ~ 1 — 3 a.u. to yield a good density. A similar shape for vg.(r),
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Figure 1.1: Electron number density n(r) of the hydrogen atom as a function of the radius. Shown
are the exact density (solid line), and the self-consistent densities in LSDA (dashed line) and GGA

PW91 (dot-dashed line).
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Figure 1.2: Exchange-correlation potential vg.(r) in Rydbergs for the hydrogen atom as a function
of the radius. Shown are the exact vz (solid line), and the self-consistent v, in LSDA (dashed line)
and GGA PWY1 (dot-dashed line).

and a comparable improvement of the self-consistent density has been previously reported for the
closed-shell helium [24] and neon [25] atoms.

1.3 Solid hydrogen

A crystal of sufficiently separated hydrogen atoms obviously is an insulator. However, without
magnetic order, a one-electron band structure picture predicts metallic behavior, because the 1s
band is only half filled. This error is remedied if AFM order is assumed [26], which leads to a
doubling of the unit cell size, and can open a band gap. With now two atoms in the unit cell,
there are four bands derived from the atomic 1s states (one for each spin and atom). Although by
symmetry spin up and spin down bands are degenerate, the four bands can split into two pairs,
separated by an energy gap. If the hydrogen atoms are brought closer together, the band dispersion
increases, and at some critical lattice constant the occupied and unoccupied bands start overlapping,
at which point the insulator becomes a metal. This can occur while still the AFM order is preserved.
As the distance between the hydrogen atoms is decreased further, the AFM order vanishes, and a
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PM metal is found.

In contrast with the band theory of “itinerant” Bloch electrons is the Hubbard model Hamilto-
nian approach [27], which was developed to describe systems where the electrons are fairly localized.
There, two parameters describe the physical properties of the system: the electron hopping inter-
action t and the intra-atomic Coulomb correlation interaction energy U. Except for a few special
cases, exact solutions of the Hubbard model Hamiltonian are not known. Some important conclu-
sions however can be drawn from it [28]. For instance, Hubbard [27] demonstrated that the existence
of an insulating gap can be independent of the existence of spin order. This is quite in contrast to the
Slater picture, where the insulating phase must be spin ordered. Based on a screening argument,
Mott argued that the metal-insulator transition should be of first order, and suggested that the
magnetic transition might occur simultaneously with the metal-insulator transition [29]. However,
since the long-range Coulomb interaction is treated as a short-range phenomenon in the Hubbard
model, the physics of the Hubbard model metal-insulator transition should be quite different [28]
from the one originally suggested by Mott [30].

By using the Kohn-Sham equations of DFT, we commit to band theory. There is no reason to
believe that DFT must therefore fail. In fact, the magnetization is a ground state property, and
is hence accessible to DFT. The Kohn-Sham eigenvalues on the other hand cannot be interpreted
as quasi-particle excitation energies. It has been argued [3] that the gap in LSDA is related to
a Hund’s rule exchange term rather than the Hubbard parameter U, and therefore the gap will
necessarily come out too small. Because Kohn-Sham eigenvalues are nevertheless frequently used
to characterize materials, we will compare LSDA and GGA gaps with those obtained from VQMC
calculations.

Several DFT studies of atomic hydrogen solids can be found in the literature [5, 31, 32, 33, 34, 35].
Using LSDA and the linearized muffin-tin orbital method in the atomic sphere approximation
(LMTO-ASA), Min [33] et al report a PM-AFM transition for bce hydrogen at a Wigner-Seitz
radius of ry = 2.55 a.u., and a metal-insulator transition at ry = 2.85 a.u.. Moruzzi and Marcus [34]
employ LSDA to study a hydrogen fcc lattice, where they find a second-order PM-FM transition
at s = 2.7 a.u. (the AFM solution was not considered). At ry = 3.0 a.u. they observe a second-
order metal-insulator transition. Finally, Svane and Gunnarsson [5] compare LSDA with the self-
interaction corrected LSDA (SIC-LSDA), and find SIC-LSDA to produce a simultaneous first order
PM-AFM and metal-insulator transition at ry = 2.45 a.u. for the bce hydrogen solid.

Our calculations on bee hydrogen are performed using a local pseudopotential of the Kerker
type [36] with a cutoff radius of 0.7 a.u.. The wave functions are expanded in plane waves up to a
60 Ry energy cutoff. A 14 x 14 x 14 Monkhorst-Pack [37] grid is used to sample the Brillouin zone
with 84 k-points in the irreducible wedge.

The results for the sublattice magnetic moment are shown in Fig. 1.3. In LSDA, the PM-AFM
transition is found at ry = 2.5 a.u., in agreement with previous results [5, 33]. With the GGA
PWO91, the phase transition occurs at the higher density ry = 2.25 a.u., which is much closer to
the VQMC result of ¢ = 2.2 a.u.. Thus, GGA not only improves the description of the hydrogen
atom, but also of the solid. From the absence of hysteresis and the shape of the curves in Fig. 1.3,
we conclude that the PM-AFM transitions in both LSDA and GGA PW91 are of second order, or
at most very weakly first order. The VQMC results indicate a weak first-order transition [1], but
the statistical noise is too large for a definite statement. Notice that SIC-LSDA [5] observes the
magnetic transition at ry = 2.45 a.u., although this value might not be reliable due to sensitivities
to the LSDA functional parameterization [5].
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bcc Hydrogen Solid
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Figure 1.3: Sublattice magnetic moment of the bee atomic hydrogen solid in units of pp (Bohr
magneton) as a function of rg in a.u.. The GGA magnetic moment (dot-dashed line) is close to the
VQMC result (solid line), and clearly improves over LSDA (dashed line).
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Figure 1.4: Energy gap (in eV) of the bee hydrogen solid as a function of 75 (in a.u.). The GGA
gap (dot-dashed line) opens at lower densities than in LSDA (dashed line), but is still off from the
VQMC result (solid line).

Fig. 1.4 shows the band gap of bce hydrogen at different densities. In close agreement with
Min et al. [33], we find bee hydrogen to be an insulator in LSDA for r; > 2.8 a.u.. Using GGA
PW91, the metal-insulator transition is observed at r; = 2.5 a.u., and consequently occurs at lower
density than the magnetic transition. VQMC on the other hand indicates metallic behavior for r
smaller than about 2.2 — 2.3 a.u., and thus the Mott and PM-AFM transitions occur at very similar
densities. The agreement between GGA and VQMC is not as good as for the magnetic transition,
but is much improved over LSDA.

In conclusion, it has been shown that for a bcee hydrogen crystal, GGA gives a metal-insulator
and a PM-AFM phase transition at higher density than LSDA, and is in better agreement with
VQMC results. Both transitions are most likely of second order in both LSDA and GGA. In the
limit of the isolated hydrogen atom, the better cancellation of the self-interaction Hartree term
in GGA leads to an improved self-consistent electron density, although the exchange-correlation
potential in GGA is rather different from the exact one.



Chapter 2

Relaxation of crystals with the quasi-Newton method

2.1 Introduction

Ab initio computations of the total energy within the framework of density functional theory
(DFT) and the local density approximation (LDA) [21] have been successful in predicting the
structural properties of materials [38]. At zero temperature and pressure, the structural parameters
are determined by moving the constituting atoms to positions where the energy E is minimal. This
can be done much more efficiently if the forces on the atoms can be computed [39]. If a pressure p
is applied to the material, it is the enthalpy H = E + pV which has to be minimized with respect
to all structural parameters, including the volume V.

Our focus will be on crystalline materials at zero temperature, where the unit cell shape and
the coordinates of the atoms inside the unit cell are the parameters to be adjusted such that the
enthalpy acquires a minimum. In this chapter, we describe a symmetry-preserving algorithm to
relax the unit cell shape and the atomic coordinates simultaneously by using the computed forces
[39] and the stress [40]. This is a frequent task when structural phase transitions are studied, where
one is interested in the properties of a phase with a given symmetry as a function of pressure.
Although we demonstrate the efficiency of our method within the framework of DFT in LDA, it is
of rather general use, and can be applied to relax crystal structures whenever forces and stress are
available.

Quantum molecular dynamics schemes of different flavors are commonly used to tackle this
problem. In contrast to the Car-Parrinello method [41], we follow the more traditional approach
[42] and relax the electronic degrees of freedom completely before moving the atoms, and changing
the shape of the unit cell. While the early molecular dynamics methods kept the unit cell shape
of the crystal fixed, and relaxed only the internal degrees of freedom, the more recent algorithins
allow for a variation of both. The first molecular dynamics approach with a variable unit cell shape
was proposed by Parrinello and Rahman (PR) [43], where a fictitious Lagrangian governed the time
evolution of internal coordinates and the cell shape. However, the crystal symmetry is not preserved
along the trajectories derived from their Lagrangian, in other words the symmetry of the crystal
can be reduced during the relaxation process. This is undesirable when structural phase transitions
are examined, where one would like to impose the crystal symmetry. Picking the strain € as time-
dependent variable instead of the lattice vectors, Wentzcovitch [44] modified the PR Lagrangian to
generate symmetry-preserving trajectories.

We present here a relaxation scheme which preserves the symmetry and is not based on a
molecular dynamics approach, but uses a powerful quasi-Newton optimization scheme to search for
the relaxed configuration. While this method has been applied to treat forces on atoms before [45],
we report for the first time how to simultaneously relax the lattice parameters. The quasi-Newton
method accumulates information about the enthalpy surface in the inverse of the Hessian matrix H,
which renders it superior to the molecular dynamics algorithms proposed recently [42]. After the
relaxation has been completed, H can be exploited to estimate elastic properties and the optical
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phonon energies at the center of the Brillouin zone. Using H obtained from similar calculations
further improves the performance. We demonstrate the efficiency of our scheme for silicon in the
diamond and the R8 phases [46].

2.2 The quasi-Newton method for crystal structure relaxation

We start this section by establishing the notation and defining the configuration space coordi-
nates. The crystal structure is determined by the matrix of lattice vectors h = {a,b,c} and the
coordinates s;, ¢ = 1,... N relative to h of the N atoms in the unit cell, which has a volume of
2 = det(h). The energy E per unit cell is a function of h and the s;’s.

For convenience, we choose the finite strain tensor e as a free variable instead of the lattice
vectors h. It has 9 components and stretches a reference configuration hy into h = (1 + €)hyg.
Molecular dynamics schemes [44], [47] often constrain e to be symmetric in order to avoid rotations
of the unit cell. Since there is no notion of angular momentum in our scheme, we allow for an
asymmetric e to simplify the extraction of elastic properties and phonon modes in Section 2.3.

Relaxing a crystal structure with NV atoms in the unit cell under the applied pressure p thus is
an optimization problem for the enthalpy per unit cell H = E + p{Q) in a 9 + 3N-dimensional space:

HZH(E,Sl,...SN) . (2.1)

Let us denote a point in configuration space by the column vector X. We define the first nine
components of X to be the strain components ¢, which are converted into a nine-element column
vector by X3;_1)4; = €55 1,7 = 1,2,3. Then follow the coordinates of the atoms in the unit cell,
S1,59,...5N. We will call the negative of the derivative of the enthalpy H with respect to X,

OH

F=-2=
x|,

(2.2)
the “force vector”. The strain components of F' are the derivatives of H = E + pQ) with respect to
€:

fO=—~(o+p)(1+H", (2.3)

where o is the stress at a given configuration X:

a=<@ﬂ%§ﬂﬂ>wﬂ. (2.4)

Notice that the right hand side of (2.3) need not be symmetric, and that we do not symmetrize it.
Thus, € can become asymmetric during the course of the relaxation.

The other 3N components of F' are obtained by multiplying the forces on the atoms fi... fn
in lattice coordinates with the metric tensor g = A h, such that the complete F' can be written as

F:(f(e)Jgflu"wng)T' (25)

There exist a large number of algorithms for finding minima of multi-variable functions if the
first derivative is available. We favor the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton
scheme [48] for its stability and efficiency [49]. A recent review of this method is given in reference
[50]. Like all quasi-Newton schemes, BFGS accumulates information about the Hessian matrix, and
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therefore about the shape of the enthalpy surface around the minimum. As we will show in Section
2.3, in many cases this allows to estimate the frequencies of zone-center optical phonouns, elastic
stiffness coefficients, and the bulk modulus.

Sufficiently close to a minimum X,,;,, the change in enthalpy dH can be approximated by:

5 = (X~ Xin) - ACX ~ Xonir) (2.6)

In the vicinity of X,,i,, complete knowledge of the Hessian matrix A would allow us to find the
exact (local) minimum X,,;, from the force F' with one relaxation step. However, A is unknown.
The key idea of the quasi-Newton schemes is to start with an initial guess for A, and improve on
A successively as the relaxation proceeds. Actually, it is not A, but the inverse H = A~! which is
being developed. In relaxation step 7 + 1, the previous position X; is updated according to:

Xit1 =X+ AX; (2.7)

AX; = H,F, (2.8)

where Fj is F' evaluated at X;, and A is the step length which is determined by an approximate line
minimization along the step direction AX;. The BFGS scheme takes as input an initial guess H)
for H, and updates it according to

H = Hi - (Xi — Xi1) @ (Xi — Ximq)  (Hima(Fy — Fio1)) @ (Hio 1(F Fi1))
' " (Xi — Xi1) - (F — Fi) (F; = Fi—1) - Hi 1 (F; — Fi—q)
+(F; = Fie1) - Hia(F; = F)|URU (2.9)
(Xi — Xi1) Hi\(F; — Fi—1)
(Xi—Xi1)-(F,—F,_1) (Fi—Fi)-Hi 1(Fi—Fi_,)~

U =

If the enthalpy were perfectly quadratic in X — X,,;,, H; would converge to A~! after the number
of relaxation steps has reached the number of degrees of freedom in the system [51]. More precisely,
H; and A~! would not be identical, but have the same projection into the sampled subspace. The
number of degrees of freedom equals the number of symmetry-compliant directions in configuration
space, not counting rotations of the unit cell and an overall translation of the atoms. This amounts
to the number of symmetric optical phonon modes at the Brillouin zone center I' plus the number
of lattice parameters.

In molecular dynamics schemes, one has to choose suitable fictitious masses and proper time
steps to get fast convergence. The masses are normally determined by optimizing the dynamical
coupling to the internal degrees of freedom during test runs [44]. Analogously, in the present quasi-
Newton method, Hy has to be initialized properly to assure a reasonable step size during the first
few relaxation steps. It is important that Hy does not break the symmetry when it is applied to a
force vector F'. Evidently, the dependence of the enthalpy on € is governed by the elastic stiffness
coefficients Bjjj; [52], or in a coarser sense, by the bulk modulus. Similarly, the optical phonon
frequencies at I' should determine the increase of the enthalpy upon displacement of the internal
coordinates from the equilibrium positions.

With this in mind, we suggest to set the strain part of Hy to the (9 x 9) identity matrix
multiplied by (3Q2By)~!, By being an estimate for the bulk modulus. Thus in the first step, the
strain components of the search direction A Xy will be parallel to f (6). For the internal coordinates,

10
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we propose to initialize Hy as block diagonal with (3 x 3) matrices of the form g M *16)52, where

go = h} hyg is the metric tensor of the initial configuration, M is the average mass of the atoms, and
wo is a guess for the average of the optical phonon frequencies at the center of the Brillouin zone:

(3930)71 0

(3QBO)_1

a1 — 2.10
9 ].M 1(/.)02 ( )

0 go—le]_a)EQ

The motivation for Eq. (2.10) will become more transparent when we discuss the extraction of
elastic properties and optical phonon modes in Section 2.3. We show in section 2.5 that this
initialization of H preserves the symmetry of the crystal during the relaxation. Note that (2.10)
has only two “free” input parameters wo and By, which makes it simple to use. There are certainly
more sophisticated ways of choosing Hy, for instance with different values on the diagonal for the
strain part, corresponding to strains for which the elastic stiffness coefficients are expected to differ
substantially. However, this will only matter during the first few relaxation steps for a new structure.
In the case that a similar relaxation has been done previously — for example the same structure,
but at a different pressure — the fully built-up H of that calculation can be used with great benefit,
as we will see in Section 2.4.3.

The line minimization required to find A in Eq. (2.7) cannot be performed exactly, and one has
to refrain to trial steps to find the minimum of H along the proposed search direction AX;. It is
often advantageous not to do any line minimization, and set A = 1, because the increased number
of relaxation steps required will be more than outweighed by the savings in force/stress evaluations
for the line minimization. On the other hand, during the first few relaxation steps, the force F
might be large due to a poor initialization of H, and an approximate line minimization is necessary
to stabilize the algorithm. We find the following procedure a good compromise for several different
systems. After a trial step with A = 1, a linear fit to the forces F' at A = 0 and A = 1 is performed.
From the fit, we obtain As for which H should be minimal along AX;. If A9 is smaller than 0.4
or larger than 1.6, we move by AoAX;. Otherwise, we consider A\ = 1 as sufficiently close to the
minimum, and move by AX;, thereby saving a force/stress computation. Once H is built up, the
trial step with A = 1 will be close enough to the minimum to omit the additional step with A = As.

In general there are several local minima in configuration space, and the algorithm can get
trapped in one of those. In that sense, we present a method to relax forces and stress, not to
find the structure for which the enthalpy is globally minimal. The location of the global enthalpy
minimum still requires the intuition of a good starting point. The very same fact allows us to apply
negative pressures, where the system could lower its enthalpy H = E — |p|{2 arbitrarily by increasing
the cell volume 2. This indeed happens for strong negative pressures if the initial crystal structure
is weakly bound, e.g. by Van der Waals forces. For moderate negative pressures, and crystals with
ionic, metallic, or covalent bonds, this is not a problem though.

2.3 Optical phonon modes and elastic properties

Given a perfectly quadratic form of the enthalpy around the minimum, and assuming an exact

11
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line minimization, it can be shown [51] that H will converge to the inverse of the matrix A, and one
would think that conversely a large amount of information about phonon frequencies and elastic
properties can be extracted by analyzing H. However, the assumption of a quadratic form is
only valid around the minimum, and we already mentioned that an accurate line minimization is
expensive to do.

Also, the relaxation process might be converged long before the H-matrix is fully built up. This
is especially true for a large number of degrees of freedom and if the initial configuration is close to
the relaxed one. Even though it is often possible to extract information from an incomplete H, for
simplicity we will assume that all degrees of freedom have been sampled.

Moreover, depending on the crystal structure, only a subspace of the full configuration space
might be sampled during the relaxation process, since the crystal symmetry is preserved. Thus, we
can only get the elastic properties for strains which do not break the symmetry, and the symmetry-
preserving optical phonon modes at I'. On the other hand, since isotropic scaling leaves the sym-
metry unchanged, the cell volume €2 is always a free parameter, and the bulk modulus is accessible
irrespective of the crystal structure.

The extraction of information starts with manipulations of the H-matrix (cf. Eq. (2.9)) obtained
from the last relaxation step. We first correct for the finite strain, which enters the force f(¢ in Eq
(2.3) in the form of a factor of (1 + ¢!)~!. After defining the (9 + 3N) x (9 + 3N) matrix D as

(L+¢) 0
(1+¢)

D (1) . , (2.11)

0 1
we arrive at the corrected (9 + 3N) x (9 4+ 3N) matrix

H =D '"HD™!. (2.12)

In Eq. (2.12), H is transformed from the coordinate system of the initial configuration hy to the
coordinate system of the relazed configuration h, such that H’ describes the changes in enthalpy
around the relaxed configuration.

We then restrict the strain around the relaxed configuration to be symmetric by projecting H'
from the full (9 x 9) strain space to the smaller (6 x 6) strain space in Voigt notation, which leads
to the (6 + 3N) x (6 + 3N) matrix H".

Next we find out which directions in configuration space have been sampled by examining the
update H) = H" — H{/, where H{ is obtained from H, the same way as H" from H. The

pdate
update ngdate has accumulated the step directions by means of the updating formula Eq. (2.9),
and a singular value decomposition (SVD) of Hy,gp = U - w - VT (see [48]) yields a set of m

orthonormal basis vectors of length (6 + 3N) spanning the sampled subspace. We collect the basis
vectors from the columns of U for which the corresponding diagonal elements of w are nonzero [48],
into the columns of the (6 +3N) x m matrix Y. Assuming that all directions in configuration space
permitted by the symmetry constraints have been sampled, m is the number of degrees of freedom.
In this case, we can choose the first m, basis vectors in Y to have components in the six-dimensional

12
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symmetric strain space only, and the other m, basis vectors to be pure displacements of the internal
coordinates. Thus we have a symmetric strain tensor €) for each of the strain-only basis vectors
indexed by [ = 1,...m,, and a set of atomic displacement vectors sgk), 1 = 1,...N for each of
the other basis vectors & = 1,...mg. Such a decomposition is always possible, because the lattice
degrees of freedom and those of the internal coordinates are independent of each other.

To determine the accessible elastic stiffness coefficients and phonon modes, it is convenient to
write the distortion de and the atomic displacement vectors u;, i = 1,... N (in Cartesian coordi-
nates) as linear combinations of the basis vectors spanning the sampled subspace:

Zgj “H2pg0) (2.13)

Me )
de=Y_ ¢eld) . (2.14)
7j=1

Egs. (2.13) and (2.14) define the reduced coordinates £ and ¢. The mass M; of the atom ¢ in (2.13)
simplifies the notation when the phonon modes are calculated later. For a compact matrix notation,
we further introduce the (6 + 3N) x (6 + 3/N) matrix

I 0
M,
M,y

h= M, , (215)
My

0 My
which has the (6 x 6) identity I and the masses M; on the diagonal. With the definitions given by
Egs. (2.13), (2.14) and (2.15), the Hessian matrix A in the reduced coordinates is

A0 Ales)
= ( (A(e,s))T A()

N

) — (YTH1/2H”/,I/1/2Y)71 7 (216)

and the change of the enthalpy 04 around the relaxed configuration (cf Eq. (2.6)) can be written
as:

(fjf}@ O +25° 3 (AL &+iigpﬁ§,z>sq) . (2.17)
i=1j=1 k=11[1=1 p=1g=1

Eq. (2.17) gives the change in enthalpy if the internal coordinates, the unit cell shape, or both
together are varied along the reduced coordinates. This information is contained in the matrices
AG) | A© and A(©3) respectively.

2.3.1 Optical phonon modes

It is straightforward to extract the normal modes and frequencies of the symmetry-preserving
optical phonons at I' from A®). With a fixed unit cell shape, the enthalpy can be expressed in
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terms of the displacement vectors u;, ¢ = 1,... N of the N atoms:

1 Y y
H =3 ”2::1 ul @y, (2.18)

where ®() is the 3 x 3 matrix of force constants of second order [53] between atoms i and j. Its
relation to the matrix A®) is

o)

N
Als) (m)
A= 2 (0" e

(hs\™) . (2.19)

Thus A®) is the projection of the dynamical matrix at I' into the subspace of symmetry-preserving
displacement patterns.

To find the phonon modes and the frequencies, one substitutes (2.13) into the equations of
motion for the phonons, and arrives at the generalized eigenvalue problem

(W?S — Abhe =0, (2.20)

where Sy, = Zfil(hsgm))T(hsgn)) is a symmetric overlap matrix between the basis vectors. The
angular frequencies w and the vectors ¢ that solve Eq. (2.20) contain all the accessible information
about the phonon modes. To get the displacement patterns of the phonon modes in Cartesian
coordinates, we substitute the vector ¢ into Eq. (2.13).

2.3.2 Elastic stiffness coeflicients

A fully built-up H-matrix allows the computation of some linear combinations of the elastic
stiffness coefficients Bjjj; for finite pressure [54] from Eq. (2.17). The Bjj’s describe how the
enthalpy changes upon lattice distortions around the equilibrium configuration, assuming that the
lattice distortion is accompanied by a relaxation of the internal parameters. We will now relate
Bijr to A, which gives the change of enthalpy along the reduced coordinates. It is not sufficient
to just use A(9), because the internal coordinates must be relaxed as the unit cell is deformed. The
matrix B defined as

B = AL — (A9 AB)=L gles) Ty o (2.21)

is the projection of Bjj; into the subspace of symmetry-preserving, symmetric strains ), j =
1,...me
If m is less than six, the knowledge of B in Eq. (2.21) does not allow one to recover all elastic

stiffness coefficients B;jj;. In this case, one can only get information about linear combinations of
the elastic stiffness coefficients. However, the bulk modulus

1
Bo = {Q 3 Tr(e(m))(B_l)mnTr(e(”))} (2.23)

m,n=1

can always be computed, since the cell volume € is a free parameter and guarantees m¢ > 0.
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2.4 Numerical tests

We show the efficiency of our method for three different silicon systems, treated within density
functional theory (DFT) in the local density approximation (LDA) [15]. A norm-conserving pseu-
dopotential [55] and a plane-wave basis set expansion up to an energy cutoff of 24 Rydbergs are
used. Silicon is chosen because it is computationally simple, and because DFT in LDA is known
to reproduce the experimentally observed structural parameters accurately [56], [57]. For the line
minimization, we use the prescription outlined in Section 2.2.

2.4.1 Bulk modulus and phonon frequencies

The accuracy of our formulae for the bulk modulus Eq. (2.23) and the phonon frequencies Eq.
(2.20) are tested by stretching the silicon bond in the two-atom cell of the diamond lattice along
the (111) direction by 14% or 0.34 a.u. (1 a.u. = 0.52918 x 107 1%m). This structure has three
degrees of freedom: the angle between the lattice vectors, the bond length between the two atoms
in the unit cell, and the cell volume. While for the starting configuration the angle is left at 60°,
we decrease the volume per atom from 131 to 120 a.u®, and initialize H according to Eq. (2.10)
assuming a bulk modulus of 500 GPa and an average phonon frequency of 8 THz. A Brillouin zone
integration grid [37] of 8 x 8 x 8 is used, and no external pressure is applied.

It takes 14 force/stress computations to reduce the stress and the forces to less than 1072 GPa
and 4 x 107° eV/a.u., respectively, thereby recovering the diamond structure. Using Egs. (2.23)
and (2.20), we compute the bulk modulus to be 90 GPa and the optical phonon frequency at I" to
be 15 THz. This is close to the 96 GPa and 15.4 THz obtained from the Murnaghan equation of
state [58], and a traditional frozen-phonon calculation. We cannot expect perfect agreement because
of the imperfect line minimization and the anharmonicity of the enthalpy surface at the starting
point. However, the accuracy is good enough to yield a reasonable estimate, and provide insight
into material properties. For example, when searching for hard materials [59], promising candidate
structures can already be identified from the relaxation at ambient pressure, without going through
the expensive computation of the equation of state.

2.4.2 Relaxation of a 16-atom silicon supercell

To assess the performance of the quasi-Newton algorithm for a larger system, we apply it to
a 16-atom supercell of silicon in the diamond structure, where the atoms are randomly displaced
from the equilibrium positions with an amplitude of 0.05 a.u. in all three spatial directions. After
displacing the atoms, the tips of the lattice vectors are distorted randomly with an amplitude of 5%.
Finally, the volume is increased from 131.8 to 143.75 a.u.? per atom. The resulting crystal has only
primitive translations as symmetry operations, resulting in 16 x 3 — 3 + 6 = 51 degrees of freedom
to be optimized for. Brillouin zone integrations are performed on a 2 x 2 x 2 grid [37]. No external
pressure is applied. We initialize the H-matrix according to Eq. (2.10) with an estimated bulk
modulus of 150 GPa and an average optical phonon frequency of 20 THz. Those differ intentionally
from the 96 GPa and 15.4 THz of Section 2.4.1 in order to simulate realistic conditions, where the
bulk modulus and the phonon frequencies are not known at the beginning of the calculation.

Fig. 2.1 shows how the average force, the “stress” (Zij 022]-)1/ 2 and the error in the enthalpy
0H decrease as the relaxation proceeds. Since there are 51 degrees of freedom, it will take at
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least 51 relaxation steps to build up H completely. Thus in most cases, it takes two force/stress
computations per relaxation step to perform the approximate line minimization. For the last three
relaxation steps, and also the following three steps not shown on the graph, an approximate line
minimization is not necessary, indicating that H has improved.

2.4.3 Relaxation of the R8 phase of silicon

The R8 phase of silicon under pressure has been observed experimentally [46], and has been
studied with ab initio calculations [60]. Its space group is R3 with eight atoms in the rhombohedral
unit cell. Two of the atoms are located at the Wyckoff positions 2(c) (u,u,u), the other six are
on the 6(f) (x,y,z) sites [46]. Including the unit cell volume € and the angle « between the
rhombohedral lattice vectors, this structure has six degrees of freedom. It is thus a good example to
show the performance of our method, because there are enough degrees of freedom to make a direct
minimization impractical, and it is required that the symmetry of the crystal is preserved during
the relaxation process. We use this test case also to demonstrate the benefits of a good starting
guess for H.

We relax the R8 phase at several different pressures p, starting with p = 8.2 GPa, for which the
experimentally observed parameters [60] are Q = 902 a.u.?, a = 110.07°, v = 0.2922, = = 0.4597,
y = —0.0353, and z = 0.2641. A 6 x 6 x 6 grid [37] is used for the Brillouin zone integrations. The
H-matrix is initialized assuming a bulk modulus of 100 GPa, and optical phonon frequencies of 15
THz. It takes 10 relaxation steps with a total of 16 force/stress computations to reduce the forces
to less than 10~* eV/a.u., and converge the components of the stress tensor to better than 1073
GPa. At the relaxed position, for p = 8.2 GPa, we find the computed structural parameters to be
Q=861 a.u.®, @ = 109.99°, v = 0.280, z = 0.462, y = —0.034, and z = 0.269.

Starting with the computed parameters at 8.2 GPa, we increase the pressure to 16 GPa, and
then to 24 GPa, relaxing after each increase in pressure. Analogously, we decrease the pressure from
8.2 GPa to 0 GPa, and from there to -8 GPa. Fig. 2.2 shows how the cell volume changes during
the relaxation processes. We perform the calculations with two different initializations of H: one
initialized according to Eq. (2.10) with By = 100 GPa, wo/(27) = 15 THz (shown as triangles), and
the other one (squares) taken from the fully built-up H of the previous pressure. For example to
compute the square-marked curve from 8.2 GPa to 0 GPa, the final H obtained from the relaxation
at 8.2 GPa is used. The convergence criterion is such that the forces are smaller than 10~* eV /a.u.,
and the stress is accurate to better than 1072 GPa.

Fig. 2.2 shows the advantage of a superior initialization of H. Obviously, the H-matrix does not
change too much with pressure, and carrying over H from a relaxation at a similar pressure cuts
down the computational effort by half. Not only does a better H-matrix result in more efficient
step directions, it also saves the line minimization, because the trial step of length A = 1 in Eq.
(2.7) is already sufficiently close to the minimum. With the superior starting guess for H, we find
convergence after eight or fewer force/stress computations.

An analysis of H for p = 0, gives a bulk modulus of 95 GPa for the R8 structure, compared
to 89 GPa from the Murnaghan equation of state [58]. Using Eq. (2.20), the frequencies for the
symmetry-preserving A, phonon modes at the Brillouin zone center are 4.0, 9.7, 10.7, and 14.1 THz.
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Silicon 16-atom Supercell
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Figure 2.1: Relaxation of the 16-atom silicon supercell. The atoms and the unit cell vectors have
been randomly displaced from the perfect diamond structure, resulting in a system with 51 degrees
of freedom. The average force, the “stress” (Zij olzj)l/ 2 and the error in the enthalpy 6 H are shown
as a function of the number of force/stress computations. Each symbol represents a relaxation step,
and most of the time it needs two force/stress computations to perform a relaxation step because
of the line minimization.
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Silicon R8 Phase
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Figure 2.2: Relaxation of the R8 phase of silicon, which has a total of six degrees of freedom. One
of them — the unit cell volume — is shown as a function of the number of force/stress computations
for relaxations at different pressures. Starting from the relaxed structural parameters obtained at
8.2 GPa, relaxations at 0 GPa and and 16 GPa are performed. In the same way, relaxations from
0 GPa to -8 GPa, and from 16 GPa to 24 GPa are carried out. The triangles show how the volume
develops if H is initialized with By = 100 GPa and wo/(2mw) = 15 THz. The relaxation is about
twice as efficient if the H matrix of the starting point is used (squares). Each symbol represents a
relaxation step, but with the inferior initialization of H (triangles), it often takes several force/stress
computations per relaxation step, because the approximate line minimization has to be performed.
This is especially the case during the first few relaxation steps, when H is not built up yet.
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2.5 Symmetry conservation

In this section, we show that a relaxation with the BFGS scheme as outlined in Section 2.2
indeed preserves the symmetry of the crystal if H is properly initialized (2.10).

Let us first examine how a symmetry-compliant point X in configuration space must transform
under a crystal symmetry operation {«|7}, @ being a unitary mirror-rotation matrix, and 7 a non-
primitive translation vector. The first nine components of X are just the strain components €, which
have to remain invariant under the point symmetry operations:

€ =alea=c¢ (2.24)

if the symmetry should be preserved. The other components of X are the positions s; of the atoms
in lattice coordinates, and they transform according to

st=(h7'ah) s; +h7 7. (2.25)

Since the symmetry operation {«|7} leaves the crystal invariant, it is always possible to find the
permutation matrix F;; which gives the index of the atom j into which atom 4 has been mapped:

si=Y_ Pijsj . (2.26)
j

If the components of a configuration space point transform according to Eqgs. (2.24) and (2.26), we
shall call it symmetric.

The derivative F' of the enthalpy with respect to X in Eq. (2.5) is not symmetric, but the
step direction AX = HF is, as we will show below. The first nine components f(9 of F are
invariant under point symmetry operations according to Egs. (2.3) and (2.5). The force f; in lattice
coordinates transform like the positions in Eq. (2.26):

fi=> Pyl , (2.27)
J

and is symmetric, but it is gf; which forms the components of F', and this entity is not symmetric.

To show that AX is indeed symimetric at each step, we first notice that H can be decomposed

into

H = Hy + H(wdate) (2.28)
where the H(Pdate) js the sum of all updates (2.9). For HF to be symmetric, it is sufficient that
the product of Hy with the force vector F is symmetric. Given that, H(“P%t) F will be a linear
combination of symmetric vectors by virtue of the updating formula given by Eq. (2.9), and so will
be HF'.

It remains to show that HoF is always symmetric for our choice of Hy. According to Eq. (2.10),
the stress components of F' do not mix with the force components, nor do the forces on different
atoms mix with each other when Hj is applied. Since we initialize the strain components of H to
be a multiple of the identity matrix, the strain part of HoF will trivially be symmetric. So are
the atomic-position components As; of HoF', as we see from their transformation behavior under a
symmetry operation {a|7}. Because h~'ah commutes with g, g, we have

As = h_lahM_ld)aQ(gglgfi) = Z PijM_IGJ(;Zgalgfj = Z P;jAs; (2.29)
J J
and hence HyF' is symmetric.
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2.6 Conclusion

In conclusion, an efficient quasi-Newton algorithm is proposed to simultaneously relax the inter-
nal coordinates and lattice parameters of a crystal while preserving its symmetry. As a byproduct,
elastic properties and some of the optical phonon modes can be estimated. The efficiency of the
quasi-Newton method is demonstrated for silicon in a 16-atom diamond supercell and the R8 phase.



Chapter 3

Silicon in the R8 structure

3.1 Introduction

The technological importance of silicon has motivated much work on its high-pressure phase
diagram. Upon compression to about 10-12.5 GPa [61, 62, 63, 64], silicon transforms from the
diamond structure (Si I) to the metallic 5-Sn phase (Si II). When unloaded, it does not convert
back to the diamond phase, but assumes the BC8 structure (Si III), a body-centered cubic phase
with an eight-atom basis [61], which is metastable at ambient pressure. Annealing of BC8 silicon
produces yet another metastable form of silicon, which is of the hexagonal diamond type [61] (SiIV).
On very fast pressure release from 12 and 15 GPa to ambient pressure, two other metastable phases
with tetragonal symmetry have been reported [65] (Si VIII and Si IX), although their structure
could not be completely determined. At pressures above ~ 13 GPa [63], the 5-Sn phase is distorted
to the Imma structure (Si XI) [66], which connects the §-Sn phase continuously with the simple
hexagonal Si V observed at ~ 16 GPa [62, 63]. When applying even higher pressures, silicon assumes
a yet unidentified structure [62, 67, 68] at ~ 38 GPa (Si VI) before it converts to the hexagonal
close-packed Si VII at ~ 42GPa [68]. Finally, at a pressure of ~ 79 GPa, silicon is found to be in
the face-centered cubic structure [67, 68] (Si X).

Recently, with silicon XII another metastable phase has been discovered [46, 60] and has been
named R8, because of its rhombohedral lattice with eight atoms in the basis. The present chapter
will focus mostly on this phase, and discuss its structural and electronic properties in comparison
with the closely related BC8 phase. We repeat and extend a previous ab initio study by Piltz et
al. [60], but find significant discrepancies regarding the zero-pressure volume and energy of RS8.
Attention will be devoted to the density of states (DOS) of the R8 phase, as it is the first crystalline
silicon phase with five-membered rings, which have been predicted to affect the electronic properties
[69].

3.2 Structures

All of the structures addressed here have already been described previously [60, 70]. Therefore,
we will focus on those structural features which are relevant in the present context.

The diamond structure O} (Fd3m) has an fec lattice with a two-atom basis at the Wyckoff
8(a) positions. Each atom is surrounded by four equidistant neighbors at the corners of a regular
tetrahedron. A tetragonal distortion transforms the diamond structure into the §-Sn structure,
which has a body-centered tetragonal unit cell (space group D} (I4/amd)) with a two-atom basis
on the 4(a) positions. At a pressure of 10.3 GPa, the unit cell parameters are [66] a=4.665(1) A,
¢c=2.572(1) A. Bach atom has four nearest neighbors at 2.42 A, and two second-nearest neighbors
at an only slightly larger distance of 2.57 A. The angles between the bonds to the four nearest
neighbors are 149° and 94°, largely deviating from the ideal tetrahedral angle of 109.47°.

Fig. 3.1 shows the more complex BC8 phase. It has a bcc lattice with an eight-atom basis located
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Figure 3.1: Ball and stick model of the BC8 phase of silicon. The primitive unit cell for the bcc
lattice is shown with bold lines. At its corners, a basis with the shape of a vertically oriented ethane
molecule is attached. The two different bond lengths are labeled A and B.

at the 16(c) sites, and is classified by the space group T} (Ia3). We can think of the structure as
composed of building blocks with the shape of ethane molecules. The crystal structure is obtained
by attaching this building block to the bcc lattice vertices, oriented in the (111) direction. In Fig.
3.1 the bce primitive unit cell is shown, with the basis attached to only four of the eight corners
of the unit cell in order to avoid cluttering. Due to the high symmetry of the structure, there is
only one internal degree of freedom, which is the parameter z( for the atoms at the 16(c) sites. At
ambient pressure, it is measured to be [60] zo = 0.1003(8). Fig. 3.1 also shows the two distinct
bond lengths labeled A and B following Biswas et al. [70]. At ambient pressure, experiment [60]
finds the A bond (2.31A) to be significantly shorter than the B bond (2.39A). The angle between
two B bonds is 117.6", whereas the AB angle is 99.0°. Both angles differ substantially from the
ideal tetrahedral angle of 109.47°.

The R8 structure (Fig. 3.2) is characterized [46] by the space group C%; (R3). The angle «
between the basis vectors of the thombohedral lattice is [60] 110.07(3)°, which brings the lattice
very close to the bec lattice of the BC8 structure, where a=109.47°. Due to the reduced symmetry,
R8 has four parameters specifying the eight-atom basis. At a pressure of 8.2 GPa they are [60]
u = 0.2922(9) for the atoms at the 2(c) site, and = = 0.4597(8), y = —0.0353(7), z = 0.2641(7) for

22



CHAPTER 3. SILICON IN THE R8 STRUCTURE

Figure 3.2: Ball and stick model of the R8 phase of silicon. The R8 phase has a rhombohedral unit
cell which is a slightly distorted bce cell. The four distinct bond lengths are labeled A’, B’, B”, and
C. One can go from BC8 to R8 by breaking the central bond of the BC8 basis, and reconnecting
it along the dashed lines (labeled A”) with the next basis unit along the ¢ axis, resulting in the C
bond.

the atoms at the 6(f) sites. Notice that the R8 phase coincides with BCS8 if we choose o = 109.47°,
u = 2xg, ¢ = 0.5, y =0, and z = 0.5 — 2x9. We label the four distinct bonds of the R8 structure
with A’,B" B” and C. A range of bond angles is present. About the 2(c) site, the bond angles are
117.9° and 98.5°, whereas the 6(f) atoms see bond angles of 92.1%, 93.0°, 103.1°, 105.0%, 114.9°,
and 136.8°. The BC8 and R8 phases are related in a simple way, as can be seen from Figs. 3.1 and
3.2. To convert from BC8 to R8, one merely has to break the A bond of each BC8 building block,
and reconnect it in the opposite direction to form the C bond in the R8 phase (see Fig. 3.2). We
can see that the A’ bond of R8 is reminiscent of the A bond of BC8, and likewise B’ and B” in R8
correspond to the B bond of BC8. This fact will become important when we compare the structural
properties of the two phases. The distance labeled A” (shown with a thin, dashed line in Fig. 3.2)
originates from a BC8 A bond, but has now become a second-nearest neighbor distance in the R8
phase.
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3.3 Method

Our ab initio calculations are done within the framework of density functional theory (DFT) in
the local density approximation (LDA) using the parameterization of the Ceperley-Alder functional
[15] by Perdew and Zunger [16]. The interaction of the valence electrons with the ionic cores is
represented with a separable [71], norm-conserving, nonlocal Troullier-Martins [55] pseudopotential.
We expand the wave functions in plane waves [39] up to a cutoff energy of 24 Rydbergs. For sampling
the Brillouin zone, Monkhorst-Pack [37] grids of the following sizes are used: 8 x8x8 for the diamond
phase, 10 x 10 x 10 for 8-Sn , and 6 x 6 x 6 for BC8 and R8. With these parameters, the total energy
is accurate to better than 0.2 mRy per atom. For all structures considered, the internal degrees of
freedom as well as the lattice parameters are relaxed simultaneously with the quasi-Newton method
[72] described in chapter 2.

3.4 Stability of four-fold coordinated phases of silicon

Fig. 3.3 shows the results of our DFT-LDA total energy calculations. Plotted is the enthalpy
difference in Rydbergs per atom with respect to the diamond phase as a function of pressure. When
the pressure exceeds 8.5 GPa, the (3-Sn phase becomes lower in enthalpy than the diamond phase.
Diamond anvil cell experiments find this transition to happen at a pressure of about 10 to 12.5 GPa
[61, 62, 63, 64]. The transition pressure we find is in agreement with recent all-electron calculations
(8.0 GPa) [73], and other pseudopotential plane-wave calculations (7.8 GPa) [74], (8.4 GPa) [75].
Since the experiments only measure the transition upon compression, any hysteresis will bias the
observed transition pressure to larger values. A more detailed discussion and assessment of the
accuracy with which the present theory reproduces this phase transition can be found in references
[73] and [74].

A direct £-Sn to diamond transition upon decompression is not observed in experiment, but
rather a conversion to the R8 phase at pressures of about 8.2-10.1 GPa [46, 60]. Our calculations
predict this transition at 7.4 GPa.

In experiment [46], the R8 phase transforms reversibly to the metastable BC8 structure at ~ 2
GPa. From Fig. 3.3, we can see that the pressure dependence of the enthalpy of the two phases
is very similar. Using a fit to the Murnaghan equation of state [58], we find the bulk modulus of
the R8 phase to be 89 GPa, which is close to the 92 GPa we calculate for BC8. The similar bulk
moduli and the small differences in volume between the R8 and the BC8 phase make it difficult
to determine the transition pressure from our calculation. The enthalpy curves of R8 and BCS8 in
Fig. 3.3 cross at -1.9 GPa. However, an inaccuracy of only 1 mRy/atom in our enthalpy calculation
would make the computed transition pressure vary by about 9 GPa. The convergence with respect
to the k-point mesh for the enthalpy of the BC8 and R8 phases is accurate to 0.05 mRy/atom. When
using different pseudopotentials, we see the enthalpy differences between R8 and BC8 vary by 0.15
mRy/atom. Even though an accurate determination of the transition pressure is not possible, we
note that the qualitative behavior is correct: on decompression (3-Sn first transforms to R8, and
then to BC8. Despite the small enthalpy differences between the two phases, the transition need
not show a large hysteresis. This is because the transformation can be accomplished by breaking
only one out of 16 bonds.

The quasi-Newton scheme we use to relax the structure yields information about phonon fre-
quencies at the I'" point [72]. At all pressures, we find R8 and BC8 to have purely real phonon
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Figure 3.3: Enthalpy (in Rydbergs) of tetrahedral phases of silicon as a function of pressure (in
GPa). The enthalpy is given with respect to the diamond phase. Above 8.5 GPa the 5-Sn phase is
more stable than the diamond phase. BC8 and R8 are both unstable, and have a very similar bulk
modulus. At higher pressure, R8 is more stable, whereas at lower pressures, BCS8 is favored. The
calculated transition pressure between -Sn and BCS8 is 7.4 GPa.
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frequencies and therefore they are locally stable. In other words there is a persistent energy barrier
between the two phases. Therefore, the phase transition is of first order, in agreement with exper-
iment [60]. A softening of the optical phonon modes at I' is not found within the pressure range
studied.

3.5 Structural properties of the BC8 and R8 phase

In the present section, we will discuss the structural properties of the R8 and BC8 phases of
silicon, focusing especially on the variation of the structure when external pressure is applied.

In Fig. 3.4, we show the dependence of the crystal lattice parameters of the R8 and BC8 phase
as a function of pressure. The experimental data points are from Piltz et al. [60]. We find good
agreement between theory and experiment. The phase transition from BCS8 to RS is of first order,
and is accompanied by a discontinuous change in volume. Although our calculations yield an overall
underestimation of the volume as it is typical for LDA calculations [76], we find good agreement
for the volume differences. With respect to the density at the phase transition, we compute the RS
phase to be denser by 1.2%, which is a rather small change, and is close to the 2.1% determined
by X-ray diffraction [60]. The agreement is even better if we take into account that, due to the
limited X-ray intensity and the few lines observed, the volume of the R8 phase is uncertain by
about £0.7%. Our findings are in disagreement with previous DFT/LDA calculations [60], where
the jump in volume appears to be about 7%.

The equations of state of BC8 and R8 in Fig. 3.4 are similar because equilibrium volume and
the bulk moduli are similar. This is not surprising, since BC8 can be obtained from R8 by breaking
and reconnecting only one out of 16 bonds. Moreover, both phases have a comparable density and
are characterized by distorted sp3-type bonding.

Also in agreement with experiment [60], we find the rhombohedral angle « to open as the pressure
on the R8 phase is increased (Fig. 3.4). By opening «, the second-nearest neighbor distance A"
between the atoms on the 2(c) sites is decreased, bringing them closer to a five-fold coordination.
However, even at a pressure of 8.2 GPa, the calculated second-nearest neighbor distance is about
30% larger than the nearest neighbor distance, and the system is clearly four-fold coordinated.

Fig. 3.5 shows the change of the R8 internal parameters u, z, y and z as a function of pressure.
Good agreement between theory and experiment [60] is observed for z,y, and z (experiment [60] at
8.2 GPa: = = 0.4597(8), y = —0.0353(7), z = 0.2641(7)). The computed v however is smaller by
4% than the v = 0.2922(9) found in experiment. Within the ~ 2 — 10 GPa stability range of the R8
phase, the variation of the internal parameters is comparable to the experimental uncertainty in the
published intensity data [60], and will be difficult to observe. At elevated pressure, the u parameter
related to the second-nearest neighbor distance A” ceases to change, along with the rhombohedral
angle «. This means that upon pressure increase, at lower pressures the second-nearest neighbor
distance decreases strongly to facilitate the volume reduction, while above 10 GPa, it merely reduces
according to an isotropic volume scaling.

To get a better understanding of the behavior of the R8 phase under compression, we plot in
Fig. 3.6 the various bond lengths as a function of pressure. Evidently, those R8 bonds which are
reminiscent of the BC8 bonds behave like their counterparts. Under pressure, the A’ bond of R8
resembles the A bond of BC8, and so do the B’ and B” bonds mimic the B bond. The C bond on
the other hand behaves rather differently. Under compression, it changes little while the pressure
is below about 10 GPa. In this pressure region, most of the volume reduction is accomplished by
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Figure 3.4: Volume and rhombohedral angle « of the silicon R8 and BC8 phases as a function of
pressure. The experimental data points for R8 (solid squares) and BC8 (bullets) are from Reference
[60]. The theoretical data points (open symbols) for the volume are connected with a fit to the
Murnaghan equation of state, whereas for the rhombohedral angle, the line is a guide for the eyes
only. The rhombohedral angle of BCS is fixed by symmetry to 109.47°.
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diminishing the second-nearest neighbor distance A”. When reaching higher pressure, this process
stops, and the C bond starts to shorten.

3.6 Electronic properties of the BC8 and R8 phases

Already the discoverers [46] of the R8 phase pointed out the presence of five-membered rings,
and indicated that they should affect the electronic properties of the R8 phase [69]. While silicon
in the BC8 phase is known to be semi-metallic [77], the electrical properties of R8 have not been
measured yet. In this section, we will extend the ab initio study of the electronic structure done
previously [60].

Fig. 3.7 shows the DFT/LDA band structures of silicon in the R8 and BC8 phases at zero
pressure with the relaxed structural parameters from our calculation. For ease of comparison,
both are plotted in the rhombohedral Brillouin zone (BZ) shown in the inset. In agreement with
experiment [77], we find BC8 to be a semi-metal, with a direct band overlap of 0.8 eV at the
rhombohedral T point, which is the H point in the bee BZ. Turning to the R8 band structure, we
see the most interesting changes occuring around the T point. Here the threefold degeneracy at the
top of the BC8 valence band is split into a doublet and a singlet, and no direct band overlap is found
in R8. Rather, in the R8 phase there is a small indirect band overlap between the T and L point
of about 0.3 eV. This is somewhat less than the 0.5eV found by Piltz et al. [60]. It is important
to mention that LDA tends to predict too small gaps in most semiconductors. For silicon in the
diamond structure, an indirect gap of 0.52 eV is found, compared to 1.17 eV from experiment [78].
An accurate prediction of the metallicity of R8 silicon would require for instance a quasiparticle
energy calculation [78]. Thus, although we find R8 silicon to be a semi-metal, it could well be a
small-gap semiconductor.

Model calculations on a tetrahedrally bonded fictitious phase of silicon with five-membered
rings have revealed a number of interesting properties [69] of the density of states (DOS). The most
striking feature is a sharpening of the valence band edge, as it is seen in amorphous silicon. In Table
3.1 we list the ring count for the diamond, BC8 and R8 structure. On the average, an R8 atom is
participating in 3% five-membered rings. We show in Fig. 3.8 the DOS for BC8 and R8 as computed
within LDA, using the relaxed structural parameters from our calculation. It is interesting to see
that indeed the DOS of R8 (solid line) shows a sharper valence band edge than that of BC8 (dashed
line). With respect to BC8, apparently weight is transferred from the high peak at -2.3 eV (Region
2) to the top of the valence band (Region 3) at around -1.5 eV. The peak at -2.3 eV has been
attributed [69] to the wurtzite-like eclipsed tetrahedral units present in BC8. In fact, when RS is
formed from BC8 by the rebonding process discussed earlier, eclipsed tetrahedral units involving
the 2(c) atoms get converted into strongly distorted staggered diamond-like configurations.

To gain a better understanding of some of the features in the R8 DOS, we examine the charge
density contributions from the states in the Regions 1, 2, and 3 marked with boxes in Fig. 3.8. We
find the states in Region 1 to be more localized between the 2(c) atoms, where they form an s-type
bond. This is also evident from the local and angular-momentum resolved DOS shown in Figs. 3.9
and 3.10 for the 2(c) and 6(f) atoms, respectively. There, the peak in Region 1 is stronger on the 2(c)
than on the 6(f) site, and has mainly s character. Region 3, on the other hand, is predominantly
p-type, and the states here have also most of their amplitude between the 2(c) atoms. This is
consistent with our examination of the charge contributions originating from states in Region 3. To
make sure that this is not an artifact of using the LDA-relaxed structure, we repeated our analysis
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Figure 3.6: The bond lengths of the R8 and BCS8 structures as a function of pressure. The squares
indicate R8 bond lengths; the circles mark BC8 bonds. R8 has four distinct bond lengths labeled C
(solid line), B’ (dotted), B” (dashed), and A’ (long dashed). Also shown are the two bond lengths
present in the BC8 phase, labeled A (long dashed) and B (dot-dashed). For labeling of the bonds
see Figs. 3.1 and 3.2.

structure atoms/cell | 5-memb. | 6-memb. | 8-memb.
diamond 2 0 12 24
BC8 8 0 9 36
2(c) atom of R8 2 6 3 21
6(f) atom of R8 6 3 5 25
R8 (average) 8 32 41 24

Table 3.1: The number of five-, six-, and eight-membered rings per atom is shown in the last three
columns. Seven-membered rings are absent in all of the structures considered here. The R8 phase
is the only one with five-membered rings. There, each 2(c) atom is included in twice as many
five-membered rings as a 6(f) atom.
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Figure 3.7: Band structure of silicon in the R8 phase (top graph) and the BC8 phase (bottom graph).
The structural parameters are from our calculation at zero pressure. To facilitate comparison, both
band structures are plotted along special lines in the rhombohedral BZ. Note the characteristic
differences in the vicinity of the T point.
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Energy (eV)

Figure 3.8: Density of states per unit cell, per spin, and per eV for silicon in the R8 (solid line) and
BC8 (dashed line) phase. For both, the relaxed geometry from our calculation at zero pressure is
assumed. The energy is given with respect to the Fermi level. Note the sharper valence band edge
(Region 3) of R8, and the less pronounced peak in Region 2.
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Figure 3.9: Local density of states per unit cell, per spin, and per eV for the 2(c) atoms of R8
silicon. The radius of the integration spheres is chosen such that for the shortest bond they just
touch. Also shown is the local projection onto angular momentum eigenfunctions with s (dotted
line), p (dashed line) and d (dot-dashed line) character. The characteristic features of R8 in the
Regions 1 and 3 are strongly pronounced.

using the experimental structural parameters for R8 at 8.2 GPa, but aside from minor changes due
to the different pressure, the features are the same. In summary, the characteristic differences in
the DOS of BC8 and R8 are visible in the local DOS of both the 2(c) and 6(f) sites, but are more
pronounced for the 2(c) atoms.

It is not clear whether the sharpening of the valence band edge (Region 3) can be directly
associated with five-membered rings. However, the local DOS of the 2(c) atoms shows this feature
stronger than the 6(f) atoms, while at the same time there are twice as many five-membered rings
running through the 2(c) sites than through the 6(f) sites (Table 3.1). Perhaps it is more intuitive
to interpret the sharpening of the valence band edge as a result of the distortion from the ideal
tetrahedral angle, leading to high-energy p-type states at the top of the valence band, and low-energy
s-type levels at the valence band bottom.
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Figure 3.10: Same as in Fig. 3.9, but for the 6(f) atoms of R8. The s-type peak in Region 1 and
the p-type peak in Region 3 are similar to the ones seen for the 2(c) atoms, but less pronounced.
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3.7 Conclusion

In our ab initio DFT/LDA calculation, we find the energetics and unit cell volume of the R8
phase of silicon to be very similar to the one of the BC8 phase. This is reflected in their similar bulk
moduli of 89 GPa (R8) and 92 GPa (BC8), and makes it difficult to compute the transition pressure
between these two phases. At higher pressures, R8 becomes more stable than BC8, in agreement
with experiment [46]. Both BC8 and R8 are found to be metastable with respect to the diamond
or (B-Sn structure. They are separated by a finite energy barrier over a large pressure range, and
thus the BC8—RS8 phase transition is of first order.

With increasing pressure, the rhombohedral angle « of the R8 phase opens, thereby reducing
the second-nearest neighbor distance to accommodate the volume reduction. Our calculated lattice
parameters and the internal degrees of freedom z, y, and z of the R8 phase agree well with the
available experimental data, but our « parameter comes out to be 4% smaller.

The LDA band structure shows R8 silicon to be a semimetal with a 0.3 eV indirect band overlap
between the T and L point. This is different from BCS8, where a direct band overlap of 0.8 eV is
found at the T-point. Due to the inaccuracies of LDA band structures, R8 silicon could also be a
semiconductor with a small, indirect gap.

Similar to amorphous silicon, the DOS of R8 shows a sharpening of the valence band edge in
RS silicon. The states right at the edge are dominantly p-type, and have more weight on the 2(c)
sites. A strong peak in the BC8 DOS, which has been attributed before to wurtzite-type eclipsed
configurations [69], is less pronounced in R8. This coincides with the disappearance of eclipsed
configurations when BCS is transformed to RS.
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Chapter 4

Structure and geochemistry of xenon at high pressures

4.1 Introduction

Xenon as a noble gas is characterized by its reluctance to form chemical bonds. However, Xe can
form compounds [79, 80], and even becomes a hexagonal close-packed (hcp) metal at high pressures
[81, 82, 83]. At the same time, a relative depletion of Earth’s atmospheric Xe compared with
meteoritic and solar abundances is observed [84, 85, 86] (the “missing Xe problem”), suggesting
that significant amounts of Earth’s primordial Xe could have formed a compound with the iron in
the core [87].

Motivated by this idea, Sander Caldwell, Jeff Nguyen, and Raymond Jeanloz from the Depart-
ment of Geology and Geophysics at Berkeley performed diamond-anvil cell high-pressure experi-
ments on a sample containing a mixture of Xe and Fe. Under pressures of up to 70 GPa, a laser
was used to heat the sample to peak temperatures of 3000K, in an effort to simulate the core’s
pressure of about 140-360 GPa and temperature of about 3500-6000K [88]. No evidence of a Xe-Fe
compound was found, but new features of the high-pressure phase diagram of Xe were discovered.
Earlier experimental work by Jephcoat et al. [89] had shown that Xe is stable in the face-centered
cubic (fcc) phase up to 14 GPa and in the hep phase above 75 GPa up to at least 137 GPa, but the
diffraction pattern and crystal structure were not well resolved at intermediate pressures, and spec-
ulatively the experimental data was attributed to an intermediate phase [89]. Using laser heating,
Caldwell, Nguyen, and Jeanloz could bracket the fcc<+hcp transition to about 18 to 24 GPa, and
the intermediate phase was found to be a mixture of hcp and fce Xe. They also found the fcecrhep
to be extremely sluggish.

In this chapter, an ab initio study of Xe under pressure is presented. Two points are addressed.
First, the energetics of the fcc<+hcp transition is studied in order to understand its sluggishness.
Second, the possibility of Xe-Fe compounds is investigated by means of total energy calculations
for a set of model compounds.

All calculations presented here are static-lattice calculations, corresponding to zero temperature
and no zero-point vibrations. For the fcc<>hep transition of Xe, neglecting entropy effects might
not be a big error since the phonon spectra of the hcp and fece phases are very similar. For the Xe-Fe
compounds, the calculated enthalpies of formation are large enough to allow at least a qualitative
assessment of the thermodynamic stability that is unlikely to change due to entropy effects. Our
calculations are performed within the framework of density functional theory in the local density
approximation (LDA) [16]. The electrons in the Xe and Fe cores are assumed to be inert, and are
modeled by norm-conserving pseudopotentials [55] in the Kleinman-Bylander form [71]. A fairly
large energy cutoff of 80 Ry is used for the representation of the valence electron wave functions with
plane-waves. Such a large cutoff is necessary to accurately describe the localized Fe 3d electrons. At
a given pressure, the internal coordinates of the structures and the lattice parameters are relaxed
with the quasi-Newton method [72] described in chapter 2.
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Figure 4.1: Ab initio enthalpy differences (in mRy) per atom between the hcp and fec phases of
xenon as a function of pressure. The hcp-fce phase transition occurs at about 5 GPa.

4.2 Xenon under high pressure

The fcc and hep phases are energetically very similar. Therefore, a fine k-point mesh of 60 and
70 special points is used for the fcc and hcp phases, respectively. With this choice of parameters,
the inaccuracy in the enthalpy due to k-point sampling is less than 0.2 mRyd/atom. Fig. 4.1
shows the difference in enthalpy between the hcp and the fee phase of Xe as a function of pressure.
In agreement with experiment, the fcc phase is stable at lower pressures, whereas the hcp phase
is favored at high pressure. The calculated transition pressure of about 5 GPa has to be taken
with a grain of salt, since the enthalpy differences are very small, and the calculation might suffer
from the shortcomings of the LDA. Thus, the general agreement with the experimental transition
pressure of about 18-24 GPa found by Caldwell and coworkers [2] might be fortuitous. However,
the small enthalpy differences observed in our calculation offer a good explanation for the observed
sluggishness of the fcc-hep transition.

As far as the structural properties are concerned, the agreement with experiment is quite good.
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Figure 4.2: Unit cell parameters for the fcc (a) and hep (a,c) phases of Xe plotted against pressure.
Lines are from theory, whereas symbols indicate experimental results from Jephcoat et al. [89] (solid
squares) and Caldwell et al. [2] (all other symbols).

Fig. 4.2 shows the calculated unit cell parameters (solid line) along with X-ray diffraction results
(symbols). The ¢/a ratio of hcp Xe is also in close agreement with experiment as Fig. 4.3 shows.
With increasing pressure, c/a deviates from the ideal c¢/a = /8/3 = 1.633, indicating that the
picture of close-packed hard spheres becomes less founded. As Fig. 4.3 demonstrates, the measured
¢/a ratio is close to the theoretical one, but it is difficult to measure the c¢/a ratio with high enough
accuracy to discern an increase of ¢/a with rising pressure.

Although the bonding in Xe, like the other noble gases, has often been modeled through the use
of pair potentials, the relatively low fcc-hcp transition pressure illustrates a deviation from such a
simple model for the interatomic forces at high pressures. The transition pressure is predicted to be
about 64 GPA in such models, even when three-body interaction terms are included [90]. Our ab
initio calculation as well as the experimental findings of Caldwell et al. suggest that the three-body
terms need to be corrected to yield a lower transition pressure.

38



CHAPTER 4. STRUCTURE AND GEOCHEMISTRY OF XENON AT HIGH PRESSURES

1.67

1.661 T R

1.65 —

a

C

1.63 —

1.621 L L

1.61 | | | | | | |
0 20 40 60 80 100 120 140

Pressure (GPa)

Figure 4.3: Comparison of the experimentally and theoretically determined c¢/a parameter of hcp
Xe, plotted as a function of pressure. The solid line is from theory, whereas symbols indicate
experimental results from Jephcoat et al. [89] (solid squares) and Caldwell et al. [2] (all other
symbols).
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Pressure XeFe XegFe XeFey XeFey
(GPa) P3ml P6m2 P6m2 hex. Laves

0 9.2 9.7 4.9 -
50 3.7 4.3 4.4 -
100 3.0 3.6 4.2 -
150 2.6 3.2 3.9 3.1
500 1.0 1.4 2.8 0.9

Table 4.1: Formation enthalpies of XeFe compounds in eV per formula unit. Quoted is the enthalpy
of the compound minus the enthalpy of the separate elements.

4.3 Stability of xenon-iron compounds

In this section, four model compounds are used to explore the possibility of Xe and Fe forming
a chemical bond:

e hcp XeFe, i.e. ABAB...stacking with alternating layers of Xe and Fe (space group P6m2),

e hcp XeoFe, with ABCABC. .. stacking, where A and B are Xe layers, and C is an iron layer
(space group P3ml),

e hcp XeFey, as before but with Fe A and B layers, and a Xe C layer (space group P3ml),

e XeFey in the hexagonal Laves phase (space group P63/mmc). The Laves phases are close-
packed structures of differently-sized hard spheres. From the theoretically derived unit cell
volume of hep Fe and Xe, we calculated a ratio of 1.288 for the atomic radii of Xe/Fe at 150
GPa. For comparison, 138 out of 164 experimentally observed Laves phases have a ratio of
atomic radii between 1.1 and 1.4 [91], showing that Xe and Fe are plausible candidates for
forming a Laves phase at pressures above 100 GPa.

For pressures up to 500 GPa, we computed the enthalpy of the separated phases, Xe and Fe, and
of the model compounds. Table 4.1 presents the enthalpy differences between the compounds and
the separated phases. At any pressure, the compounds are energetically highly unfavorable. Even
the least unstable model, the Laves phase, has a respectable 0.9 eV positive enthalpy of formation
at 500 GPa.

Fig. 4.4 shows the electron density isosurface of XeFe, in the hexagonal Laves phase, corre-
sponding to a value of 0.76 electrons/A3. While bonds between the Fe atoms (smaller spheres) are
visible, no bond is formed between the Xe atoms (big spheres) and Fe. In fact, the charge density
distribution around the Xe atoms is close to spherical. Thus, any incipient Xe-Fe bonding is so
weak that it does not compensate for the energetic cost of breaking the strong Fe-Fe bond in iron,
even at 150 to 500 GPa. The energetics are so unfavorable, that this conclusion is likely to be true
for other structures and Fe/Xe stoichiometries than those we have considered.

In conclusion, our ab initio calculations indicate that Xe and Fe are unlikely to form a compound,
even at high pressures. This does not necessarily mean the Xe could not be trapped in Earth’s core.
In fact, from our calculations, we find that for pressures larger than about 80 GPa, hcp Xe has a
higher mass density than hcp Fe (see Fig. 4.5), and could therefore reside in the core. However,

40



CHAPTER 4. STRUCTURE AND GEOCHEMISTRY OF XENON AT HIGH PRESSURES

Figure 4.4: Electron density isosurface of XeFey in the hexagonal Laves phase at 150 GPa, corre-
sponding to a charge density of 0.76 electrons/ A3, The larger spheres are Xe, the smaller ones are
Fe. While bonds are visible between iron atoms, there is no bond between Xe and Fe.
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Figure 4.5: Computed density (in g/cm?) of hcp Xe and Fe as a function of pressure. Above about
80 GPa, Xe has a higher density than Fe.
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more research is necessary to determine if this observation can lead to a credible explanation of the
missing xenon.
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Chapter 5

Ab initio calculation of the NMR chemical shift

5.1 Introduction

Nuclear magnetic resonance (NMR) is one of the most widely used experimental techniques
in structural chemistry. In particular, the measured chemical shift (o) spectra are a fingerprint
of the molecular geometry and the chemical structure of the material under study. Although the
interpretation of these spectra generally relies on empirical rules, ab initio calculations of o for
molecules have led in many cases to an unambiguous determination of the microscopic structure
[92]. Moreover, it is nowadays possible to measure o also in solids with the resolution required
for structural determinations [93, 94]. E.g., o-spectra have been used for the characterization of
amorphous carbon [95].

In NMR experiments, a uniform magnetic field Bey is applied to a sample. The external field
induces a magnetic field Bj,q(r), such that the total local magnetic field is B(r) = Bexs + Bina(r).
If there is a nucleus in the sample at position ry with a spin of e.g. 1/2, and an associated
magnetic moment x4y, the nuclear spin up and down states are separated by an energy 2|B(ry)|u.
The nuclear state for which the magnetic moment is parallel to B has lower energy, and is more
populated than the other state. An incoming electromagnetic wave at the resonance frequency
w = 2|B(ry)|u/h, typically in the MHz regime, will introduce transitions between the nuclear spin
levels, and will be absorbed. Thus, by measuring the frequency of maximum absorption, one can
determine the magnetic field at the position of the nucleus. The induced field Bj,q(ry) depends
on the electronic structure in the vicinity of the probed nucleus, and therefore a characteristic shift
(called the chemical shift) of the resonance frequency will be observed when the same nucleus is
probed in different chemical environments. Many other interesting quantities can be measured with
NMR, for instance the spin relaxation times 77 and 7% and, by quadrupole resonance, electric field
gradients at the nucleus [96, 97]. In this chapter, only a single aspect will be considered, which is
the NMR chemical shift of insulators.

Several distinct effects contribute to the induced magnetic field: the alignment of electronic
and nuclear magnetic moments along Beyt, and the induced orbital motion of the electrons. For
insulators, the electronic spin does not contribute to the chemical shift, as the rather small Beyt
does not lead to a net electronic spin. The induced magnetic field due to nuclear spin alignment
is either very small, or deliberately suppressed by special experimental techniques such as magic
angle spinning (MAS) or multi-pulse sequences [98]. Under these circumstances, Bj,q arises solely
from induced electron motion. In this chapter, a new ab initio method [99, 100, 101] is presented
to calculate the induced field due to electronic orbital motion. Such calculations were possible for
finite systems before, and in fact have been carried out for atoms and molecules since the mid
seventies[102]. However, with the new method presented below, infinite periodic systems can now
be treated for the first time. This has clear advantages for crystals, amorphous solids, and liquids,
where large cluster simulations are expensive, and complicated by artificial surface effects.
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Figure 5.1: An applied external magnetic field Bey, causes a macroscopic surface current density
K, which leads to a contribution to the induced field B;,4q deep inside the sample.

5.2 NMR chemical shift tensor and magnetic susceptibility

The goal of NMR chemical shift calculations is to compute the induced magnetic field Bj,q(r).
For the relatively small magnetic fields used in experiments, say, a few Teslas, there is a linear
relationship between the external field Bey; and the induced field:

<~

Bing(r) = — 0 (r)Bext - (5.1)

Here, @ is the chemical shift tensor or shielding tensor, which will be computed below. NMR
T
experiments measure only the symmetric part %(g) +0 ), or often just the isotropic shift o =

%Tr((g) One peculiar aspect of 7 is its dependence on the shape of the sample. As is well known

from classical magnetostatics [103], Bey; gives rise to a macroscopic current density K on the surface

of the sample, which in turn yields a sample-shape-dependent contribution to Bj,q, even deep inside

the sample. This is depicted in Fig. 5.1. As a consequence, when ¢ is calculated in Fourier space:
nd .

o (r)=Y ¢ (Q)CT, (5.2)

G

>
for a periodic system with reciprocal lattice vectors G, then & (G) is a bulk property for G # 0,

i.e. it is independent of the sample shape. On the other hand, (g (0) depends on the sample shape
for the reasons mentioned above. In NMR experiments, only a few sample shapes are typically
used: a cylindrical sample parallel or perpendicular to the external field, or a spherical sample. By
convention, the chemical shift tensor is quoted for a spherical sample shape, but given the magnetic
susceptibility, one can easily convert from one sample shape to the other. Assuming an isotropic

g
magnetic susceptibility y, one finds the diagonal components of & (0) to be —8?” x for a sphere, or
—2mx and —4myx for a cylinder perpendicular and parallel to Beyt, respectively.
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5.3 Chemical shift tensor as an energy derivative

Given a microscopic current density J(r) due to Bey, the induced magnetic field is

1 , r—r 4,
Binar) = - /J(r) <t (5.3)
Fourier transforming the entities in (5.3), and excluding the G = 0 case for the moment, one arrives

at Ao G
iy}
— x J(G) . 5.4
)G <@ 54
Furthermore, J can be related to the first derivative of the energy with respect to the magnetic
field. To see this, a vector potential A is introduced in the special form:

Bina(G) = (

C

Ag = cBsage™T (5.5)
where .
7\ S X bg

c= (L) 3XDs 5.6

w= (1) (5.6)

Taking the curl of Ag, one obtains a magnetic field with scalar amplitude Bs in the direction of the
unit length vector bg, modulated with a wave vector s:

B, = Bbge™ T . (5.7)

The energy deunsity depends on the vector potential through the full many-body Hamiltonian
‘H, which is, using atomic units (A =m =e = 1):

1

H = Z/d?’r Pl (r) [5(—N + %A)Q + Vext (r) | $a(r)

1 L)) () alr)
+§azﬁ/d3r/d3r T .

Here, Vet is the external potential generated by the atomic nuclei, and v is the field operator. The
indices a and 8 denote spin quantum numbers. To arrive at the energy density, the Hamiltonian is
bracketed between the many-body ground state |g):

B = & gHlg) (5.8)

2 denotes the total volume of the system. Notice that |g) itself also depends on the vector potential,

as the ground state depends on the Hamiltonian.
The many-body expression for the electric current density of an electron system is

T
3(w) = 3ol VL + T AW ) + (T + L ADW®)]| valllg) . (59
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That the current is a derivative of the energy density with respect to the magnetic field can be
seen by starting from Eq. (5.8), substituting the vector potential from Eq. (5.5), and choosing the
periodicity of the magnetic field to be s = —G. One immediately finds that

~

0E i\ b_g - (G xJ(G))
=_ (= 1
9B G <c> GP? ! (5.10)
and hence with Eq. (5.4)
OE
0B a - _Eb G- Bmd(G) . (5'11)

Finally, the chemical shift tensor can be calculated by taking the derivative of the Fourier-
transformed Eq. (5.1),

<>
Bind(G) = — ¢ (G)Bext (5.12)
with respect to a constant external field, Beyy = Bobg. Thus combining (5.12) and (5.11), one finds

0’E
dB_c 0By

1 - <~ ~
= _—b_g ¢ (G)-bg. (5.13)
B=0

<>
Evidently, & is directly proportional to the G’ = 0 column of the susceptibility matrix ; (G,G'),
which is defined as
0’E

~ <> ~
- - =b_ca- G G) b_qg . 14
9B_c0B G X ( ) ) G (5 )

B=0

e
As mentioned in the beginning of this section, & (0) must be treated separately, taking into account
the sample shape. The following section will outline the calculation of the second energy derivative
in Eq. (5.14).

5.4 Perturbation theory

It has been shown in Section 5.3 that @ is closely related to the magnetic susceptibility via Eqs.
(5.13) and (5.14). In this section, a calculation of ¥ (G,0) by means of perturbation theory is
presented.

To calculate the second derivatives in (5.13), some assumptions must be made about the de-
pendence of the energy on the vector potential. We work within the Kohn-Sham density functional
formalism, and assume that the energy density depends on the vector potential and the single-
particle ground-state orbital wave functions |1);) via

E = {22 z/)z p+ A |¢z /d3Tp Vext() (5'15)

v [ /d3 PPl Em[p]} -

Because of spin degeneracy, the sum over the occupied (O) orbital wave functions runs only over half
the number of electrons in the system. The momentum operator is denoted with p = —:V. Notice
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that the exchange-correlation energy E,. depends only on the electron density, which is computed
from the wave functions in the usual way, p(r) =23, |(¢i|r)|%

Introducing the vector potential into the energy functional as in (5.15) is an approximation. To
be exact, one should use current density functional theory, where the exchange-correlation energy
depends not just on p, but on the current as well. Indeed, approximate current density functionals
have been proposed, which take this into account [104]. For the systems considered in this thesis,
the effects are small though [105], and thus Eq. (5.15) is a good approximation for the evaluation
of the energy derivatives with respect to B up to second order.

Particular care must be taken when perturbation theory is applied to infinite systems in a
magnetic field. For instance, the expectation value of the square of the vector potential for a
constant magnetic field in the symmetric gauge, (1|(3Bext X)?[1)), diverges if the wave function )
becomes an infinitely extended Bloch function. To make the divergences manageable, the external
magnetic field is modulated with a finite wave vector q. Later, the limit of q — 0 is performed to
recover the limit of a uniform field. Since in (5.13) there are derivatives with respect to magnetic
fields of wave vector 0 (the external field), and —G (the “probe” field), a vector potential of the
form:

A(r) = cBqaqe' 9" + ¢B g qa g _q¢ (GTOT (5.16)

is chosen. Here, aq and a_g_q are defined as in (5.6). Taking the curl of A in (5.16) shows that
the corresponding magnetic field is

B(I‘) — BqueiQ'I‘ + B_G_qB_G_qefi(q‘FG)'r , (517)

which in the limit ¢ — 0 turns into the sum of a constant field and a field with wave vector —G.
One has to modulate the second field with —(G+q) rather than just —G in order to get appropriate
behavior for finite q. With this particular form (5.16) of the vector potential, the energy derivative
in Eq. (5.14) is now computed from the energy functional (5.15):

O’E
0Bq0B_G_q

0*H
Y Z l il 9B40B_ _q|¢i> (5.18)

B=0 €O

L oH Ol Ol oH
+Wilgp e, o8, T 98, BB_G_qW)Z)]

B=0

Here, the single-particle Kohn-Sham Hamiltonian H has been introduced, which is defined as

OF
o~ T - (5.19)
(2
It follows from (5.16) and (5.15) that the derivatives of the Hamiltonian H are:
0H 1
H = — = [ 9Ty . p+ag-p ezqr:| (5.20)
17 9Bq 2 q q
B=0
OH 1 ’ )
Hlg q= g5 — = S|e "% 7a g g-ptag.q-pe GTUT
17 9B e qlg_, 2 [ a a ]
0*H :
H” [ — ca —iG'r )
—-G— Cl 8Ban,G7q 5o [aq a_g-—q€ ]
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Notice that when computing (5.20), we have neglected the dependence of the Hamiltonian on the
electron density (which in turn depends on the magnetic field). This is not an approximation,
because the electron density is a scalar under time inversion [103], but the magnetic field changes
sign, and hence by time reversal symmetry, the electron density cannot depend on the magnetic

field to first order.

Calculating the derivative of the wave functions by first order perturbation theory, and assuming
the wave functions to be Bloch functions |¢}) of energy €}, labeled with a band index ¢ and crystal
momentum k, one finds:

82E 2 d3k i " i
9808 _G_q =q [Q/WZWHHq,Gqu) (5.21)
B=0 €O
(2m)® ) (2m)* &~ e — e, e — el

j#i
Notice that the sum with index j covers the full spectrum. Because of the computational cost of
computing the full spectrum €], Eq. (5.21) is mostly for didactic purposes. As will be shown later,
the derivative of the wave function can be obtained without a sum over “excited” states. But first,
the periodicity |14f.) = e’ T|uy ;) of the Bloch states and (5.20) are used to arrive at:

82—E =2aq-a g /ﬁ Z(uk e CT ) + flaga g q G, Q) (5.22)
0Bq0B-c—q|g_, 4 4 @m)d et o’ v e
where for convenience, a function f has been defined as:
flaq,a—g-q,G,q) := (5.23)
2 Tk 5 l<uk,i|aq (V4 k= /) i) (e agle” 8 Goq (<IV 4K |ui)
(2m)3 io € — e{ch

. (uk,ile STa_g_q- (=iV+k+ Q) |Uicra,) (Wera,jlaq - (=1 +k + q/2)[uiq)

i J
€k ~ €kiq

Now, a few definitions are necessary to show how (5.23) can be calculated efficiently. First, the
perturbed wave function |u,"7) is defined as:

, |Uk+q,j) (Uk+q,jlaq - (—iV +k +q/2)|uk;)
U ) = Z %9 B - (5.24)
jeE €k ~ €k+q

Notice the sum over all unoccupied (“empty”) states (£), which is expensive to compute. However,
|uk:?q> can be obtained much faster by solving the following system of linear equations:

(e — Hk+q)|ugz?q> = [ - Z |“k+q,m><uk+q,m|1 aq - (—1V + k4 q/2)[ux;) , (5.25)
meO

using e.g. a conjugate gradient algorithm. Armed with |uﬁfq>, straight forward algebra leads from
(5.23) to

f(aq,a,G,q, G,q) = /d37” e 'S |:h(aqv A-G—q, r,q) + h*(atv a*—G—Q7 r, _q)] ) (526)
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where h is defined as:

d*k
h(aQ7 a_G—q T, q) = / (271_)3

> [(ucslr)irla a g (<iV + Kk + @) u™) (5.27)
€O

N3

F (eilaGq - (<19 + W) elus)]

It is evident from (5.26) that once h(aq,a-G—q,r,q) and h*(ag,a* g 4,r,—q) are computed,
f(ag,a_g—q; G, q) is readily calculated with a Fast Fourier Transform.

5.5 Handling divergences with the sum rule

Although it is now clear that f(aq,a_g—q, G, q) can be computed efficiently, one still has to deal
with the divergences from which Eq. (5.22) suffers. In fact, for G # 0, both the first and the second
term diverge individually like ~ % as ¢ — 0, but their sum is finite. It turns out that a sum rule can
be used to recast the first term into a more convenient form. First, consider f(aq,a_g_q,G,q =0),
i.e. @ = 0 only for the last argument of f. Then, by (k- p)-perturbation theory, the perturbed wave
function is just the derivative with respect to k:

G#i €k — %
Inserting (5.28) into the definition of f in Eq. (5.23) one finds:
Pk iGor . duk,;)
f(a(b a_G-q G, 0) = / (27r)3 ZEZO |:<uk,i|e ' A-G-q- (—’LV + k) aq - de
. dlug ;
+ (uk7i|a_G_q S (—=1V + k)eiZG'r aq - %
d(uk . —iG-
+ <§ll: | g a_G_q - (—iV +k)e T uy ;) (5.29)
d(uk,; —iGr )
W] G o (Y 4 B)fu)
dk
An integration by parts then leads to
d3k —iG-r
flaga g q G,0) = _2/W S (uiesle € a g aqlun,) - (5.30)
1€0
Using (5.30), one can rewrite (5.22) as:
_PE | in[f(agageG.q) — f(ag 8 c_q,G,0)] (5.31)
8BOaB,G Bo = 40 qd-G—q) >, q Q) A-G—q; T, . .

Still, the two terms in (5.31) diverge, since f is linear in the divergent arguments aq and a_g—_q-
However, the divergences can be handled by using the linearity in the first two arguments, and Eq.
(5.6):

0’E
0ByOB_g

1
lim ——
4-0 c2|q||G + q/?

/(@ x bg, (G +a) xb_g_q,G,q) (5:32)
B=0

— f(@xbg,(G+q) xb g ¢,G,0)] ,
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or, for G # 0, this can be written as a first derivative:

0*E

8 2 - N ~
9BodB_a|. f(@xbo,G xb_g,G,qa)| . (5.33)

c2G20q =0

B=0

In the current implementation, the derivative is computed by finite differences using the following
numerically convenient form:

O’E
- (5.34)
0By0B ¢ B—o0
. 1 o . . . . A
lim 5 oraap /(@ Do, G x b_g, G,qd) = /(@ x bo, G x b-g, G, ~4a)
Likewise, the G = 0 component is obtained by taking the limit:
OB |ty L [#(@x bo,ax bo.0,qa) + £(@ bo.d x bo, 0. ~qa)
830830 B0 qg—0 202|q|2 q 0,9 0,Y,99q q 0,9 0,Y, —qq
~ 2f(& % bo,d x by, 0,0)] (5.35)
0? . .
2C28q2 f(él X b07 q X b07 07 q(AI)
q=0

By using the sum rule (5.30), the “diamagnetic” first and “paramagnetic” second term in (5.22)
are treated on an equal footing, thereby removing the gauge-invariance problems that have plagued
some of the early quantum chemistry calculations. If the diamagnetic and paramagnetic terms were
treated separately, numerical errors due to e.g. insufficient basis set convergence could affect the
diamagnetic and paramagnetic terms differently, resulting in a dependence on the gauge.

5.6 Implementation using pseudopotentials and plane waves

The preceding theory is rather general, and applies to any system described by a density func-
tional of the form (5.15). For the calculations presented in this thesis, only the magnetic response
of valence electrons will be considered. The ionic cores are described by norm conserving pseudopo-
tentials [55] in the Kleinman-Bylander form [71]. This approximation does not affect o of the nuclei
without core electrons, such as H, but those containing core electrons. In the latter case o computed
with pseudopotentials differs from the one computed with an all-electron scheme by three different
terms: i) the diamagnetic core contribution, which is independent of the chemical environment; ii)
a contribution due to the transitions from valence states to core states [99]; iii) a contribution due
to the difference between the all-electron valence wave functions and the pseudo wave functions
in the core region. By numerical experiment, one finds that, for first row atoms, the terms ii)
and iii) are usually much smaller than the range of variation of ¢ with the chemical environment.
Finally, in pseudopotential calculations, the operator (—iV + k + q/2) in Eq. (5.25) is replaced by
(v +vE +q)/2, where vl = (d/dk)HE is the velocity operator, and HY is the pseudo-Hamiltonian.
By trial and error, this turned out to give improved agreement with quantum-chemistry all-electron
calculations. Work on a better theoretical foundation for handling the nonlocal pseudopotential
operator is in progress.
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o-theory (ppm) o-experiment (ppm)

H, 25.9 26.2%

CH,4 30.7 30.61¢
CoHg 29.7 29.86°
CoHy 24.5 25.43°
CyHy 28.6 29.26°

Table 5.1: Computed and measured H chemical shifts (o) in parts per million (ppm) for a set of
free molecules. “Ref.[106], *Ref.[107].

With the usual plane-wave expansion of the wave functions, the computational cost to compute
o is comparable to the effort of computing the total energy in LDA-DFT. Both schemes scale with
the third power in the number of atoms in the unit cell.

5.7 Test calculations on molecules

In order to test the new method, the hydrogen chemical shifts for a set of small molecules are
computed. A local pseudopotential of the Kerker type [36] with a cutoff radius of r. = 1.0 a.u. is
used for hydrogen. For carbon, a Troullier-Martins [55] pseudopotential with . = 1.1 a.u. and a
non-local s-projector of the Kleinman-Bylander type [71] is employed. An energy cutoff of 70 Ry
for the plane wave expansion is sufficient. To simulate the molecules as periodic systems, a supercell
geometry is used, and the size of the supercell is increased until the error in o due to the periodic
replica is less than 0.1 parts per million (ppm).

The results for a set of molecules are reported in Table 5.1. All the computed values are in
excellent agreement with experimental data. The discrepancies are larger for CoHy and CoHo, in
which a double and a triple C-C bond exist, respectively. This could indicate a relatively larger
inaccuracy of LDA in describing these types of bonds. Similar agreement with experiments for the
hydrogen o in molecules was found in previous quantum-chemistry calculations [106, 105].
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Chapter 6

NMR chemical shift of diamond and amorphous carbon

6.1 Introduction

Polycrystalline diamond thin films, grown by chemical vapor deposition (CVD), and diamond-
like amorphous carbon thin films possess the outstanding physical properties of bulk diamond, such
as high thermal conductivity, hardness, chemical inertness, and optical transparency in the infrared
region. Their possible applications include wear-resistant coatings and thin-film semiconductor
devices. E.g., diamond-like amorphous carbon is currently used as a protective layer in magnetic
disks. Considerable efforts have been undertaken to understand the microscopic structure of these
films. Nuclear magnetic resonance (NMR) is becoming increasingly important in this investigation;
especially for the characterization of amorphous carbon [95, 108, 109, 110, 111, 112, 113, 114, 115],
but also for the study of CVD diamond [116, 117, 118]. In this chapter we present the first ab
initio calculations of carbon chemical shifts in crystalline and amorphous solids. We compute the
chemical shift spectra of diamond, CVD diamond, and diamond-like amorphous carbon with and
without hydrogen. Our results are in excellent agreement with experiments, and are useful for the
interpretation of NMR, spectra in terms of the microscopic structure of the materials.

6.2 Notation and tests

The isotropic chemical shift o = Tr[g)] /3 is calculated as described in chapter 5. We denote with
H o the chemical shifts at the hydrogen nuclei, and with C o the chemical shifts at the carbon nuclei.
A norm-conserving pseudopotential [55] in the Kleinman-Bylander form [71] with a cut-off radius
of r. = 1.1 a.u. is used. For H, we adopt a purely local pseudopotential whereas for C, a non-local
s-projector augments the local potential. The plane-wave basis energy cutoff is 70 Ry. Following
the experimental convention, we will quote chemical shifts relative to the standard reference system
of liquid tetramethylsilane TMS at room temperature,

drms(sample) = —[o(sample) — o(TMS)], (6.1)

where o is the absolute chemical shift measured for a spherical shape. Because of the pseudopotential
approximation used, we do not compute o(TMS), but rather for the H d1ys, we use the experimental
value of H o(TMS) = 30.97 ppm, and, for the C dpys, we fix C o(TMS) by imposing that the
computed value of C dpygs for gas CHy is equal to the experimental value of —11 ppm [119]. H
o(TMS) can be obtained from H o of gas CHy, [120] from the relative shift between gas CH4 and
gas TMS [121], and from the relative shift between gas TMS and liquid TMS [122].

The accuracy of our method for the H o has been shown in chapter 5. In Table 6.1 we validate
our approach for the C dryg in a set of free hydrocarbons. The molecular structures are taken from
experiments. In CgHg rcn = 1.101 A, roc = 1.399 A. For the other geometries see [100]. Table 6.1
shows that the chemical shift is sensitive to the C hybridization. The agreement between theory
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drms-theory [ppm]  drys-experiment [ppm]

CoHg 5.3 3.2

CoHy 109.4 119.6
CoHs 60.6 66.9
CeHsg 110.0 126.9

Table 6.1: Computed and measured [119] C chemical shifts (01umg) for a set of hydrocarbons in the
gas phase.

V (aw.3)  dpys-theory [ppm]  drvs-experiment [ppm]

67 19.37
70 24.52
73 29.69
76.761 36.17 34.54
79 40.00

Table 6.2: Computed and measured [116] C chemical shifts (dryg) for the diamond crystal as a

function of the unit cell volume V. The experimental equilibrium V is 76.761 a.u.3.

and experiment indicates that in C the error due to the pseudopotential approximation is minor.
Similar results for these finite systems have been obtained in Ref. [106].

6.3 CVD diamond

In Table 6.2 we present our results for C dyg in crystalline diamond as a function of the unit
cell volume (V). At the equilibrium volume, the experimental and theoretical data are in excellent
agreement. Within the range considered, drys varies linearly with the volume, and détyg/dV =
1.72 ppm/a.u.®. From the value of the bulk modulus in diamond, we obtain the variation of drys
with the applied pressure P, doTys/dP = 0.30ppm/GPa. With this information, drys could be
used as a pressure gauge in diamond.

Our results are useful to determine the mechanism for the NMR and Raman line-width in
polycrystalline CVD diamond, where the Raman shift (€2) measures the optical phonon frequency
at the zone center. The Raman line-width (AQ) is often used to characterize the quality of the
CVD diamond films. Indeed, a correlation between A and the size, the regularity and the optical
transparency of the films [123, 116], have been observed. Alternatively, one can use the NMR line-
width (AdTmg) since a strong correlation between the two line-widths has also been observed [116]
(see Fig. 6.1). The microscopic source of these line broadenings is still unclear. Two mechanisms
have been proposed [123, 116]:

1. The broadenings are related to the presence of defects; AQ~! is proportional to the phonon
lifetime which is reduced by the scattering with the defects, and Adryg is determined by the
paramagnetic perturbation given by the defects.

2. The broadenings are due to local fluctuations in the stress (AP). In this case both AQ and
Adys would be proportional to AP, and AQ = cAdrys, where ¢ = |[dQ/dP||ddrys/dP| L.
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Figure 6.1: Raman versus NMR line width in CVD diamond. The circles are experimental points
obtained for different samples [116]. The line is the result of our theoretical model based on
stress/volume fluctuations.

While we cannot rule out mechanism 1), we can verify quantitatively if mechanism 2) is a
possible explanation. In this case, using the value for d§2/dP from Ref. [124], we obtain AQ =
Aérps X 9.7cm ! /ppm. This linear relationship is shown in Fig. 6.1, along with the experimental
data. The agreement between the theoretical data and experiment supports that stress fluctuations
are the dominant source of line broadening for NMR and Raman experiments. Here we have assumed
that the stress fluctuations are hydrostatic. Note that in diamond (a cubic crystal), a pure shear
fluctuation would broaden the Raman line but not the NMR line. Indeed, a pure shear splits the
three-fold degenerate Raman line, but does not shift dtys up to linear order in the deformation.

6.4 Amorphous carbon

Finally, we discuss our results for amorphous C. To compute the NMR spectra of amorphous
C we use atomic geometries generated by ab initio molecular dynamics simulations. We consider
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two different samples: a hydrogenated sample, at a density of 2.2 g/cm?, with 64 C atoms and 12
H atoms (16 at.%) in a cubic supercell [125], and a pure-C sample, at a density of 2.9 g/cm3, with
64 C atoms [126]. Note that the value of the density given in reference [125] is miscomputed. We
compute H and C drys, and compare our results with experimental data obtained on two similar
samples: a hydrogenated sample, at a density of 1.8 g/cm?, with 35 at.% of H [95], and a pure-C
sample at a density of 2.9 g/cm?® [108]. From the amount of 4-fold coordinated C and the H content,
these samples qualify as hard diamond-like films. To obtain continuous spectra, we use a Gaussian
broadening with a standard deviation of 1 ppm and 6 ppm for H and C, respectively.

The experimental [95] and theoretical H dyig spectra for the hydrogenated samples are presented
in Fig. 6.2. In the experimental spectrum two distinct types of H have been identified [95]. The
two types are characterized by two different nuclear relaxation times, and are spatially separated.
The experimental spectra, decomposed into slowly and fast relaxing H, are also shown in Fig. 6.2.
In Ref. [95], the fast relaxing H, which have an average dTys of ~ 5 ppm, have been assigned to
H groups in a sp?-sp® C network. The slowly relaxing H, with an average d1mg of ~ 2 ppm, have
been assigned to polymeric (CHy), chains. A two component spectrum has also been measured
in Ref. [109]. However, here the peaks at 5 ppm and 2 ppm have been attributed to H bonded
to sp? and sp3 C, respectively. These assignments are based on a comparison with the H d1yg of
hydrocarbons. Our theoretical spectrum is in excellent agreement with the experimental spectrum
of the fast relaxing H. Our sample does not contain CHs groups; the C are instead arranged in a
sp?-sp® C network in which 11 H are bonded to sp? C and 1 H is bonded to a sp? C. Thus our
results support the assignments of Ref. [95]. They are incompatible with the assignments of Ref.
[109], which would predict for our sample a peak at 2 ppm.

In Fig. 6.3, we show the C dpymg spectrum for the hydrogenated sample, which we compare
with the experimental data [95]. We decompose the theoretical spectrum into contributions coming
from the 3-fold (sp?) and 4-fold (sp®) coordinated atoms, with and without a bond to a H. A
cut-off distance of 1.9 A and of 1.4 A is used to define a C-C and a C-H bond, respectively.
This decomposition confirms the general expectation [95, 108, 109] that sp? C atoms experience
a larger éTys than the sp® C atoms. Notice however that the position of the sp? peak is at 75
ppm, substantially deviating from the diamond resonance at 36 ppm. Within the sp® peak, we can
further distinguish the contribution due to hydrogenated C atoms, which exhibit a smaller d1yg.
Hence increasing hydrogenation will move the sp? peak peak to smaller dTys. We have excellent
agreement between theory and experiment in the location and in the shape of the peaks. The
relative weight of the peaks is different because the theoretical and experimental samples have a
different H content and sp*/sp? ratio.

For the pure C samples, we show the experimental and theoretical C dTys spectra in Fig. 6.4.
As for the hydrogenated sample, we decompose the theoretical spectrum into contributions from
sp? and sp3 bonded atoms. Again we observe good agreement between theory and experiment.
However, in the experimental spectrum, there is a shoulder for §1yg > 150, which is not present in
the theoretical pure C spectrum nor in the hydrogenated spectra.

In the theoretical spectra of the two samples, there is a small isolated peak at about 200 ppm.
In the hydrogenated sample this peak stems from an sp? atom bonded to three sp® neighbors. In
the pure carbon sample the peak is caused by a sp? atom bonded to two sp® neighbors and to one
sp? neighbor with its sp? plane tilted by 90°. In both cases the peaks originate from sp? atoms
where the p orbital does not contribute to a @ bond. This leads to a localized defect level in the
gap with a paramagnetic shift. The immediate neighbors also experience a paramagnetic shift, but
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Figure 6.2: H chemical shift spectra in hydrogenated amorphous carbon. The upper panel shows

the experimental data from Ref. [95]. Along with the raw spectrum, in which all the H are probed
(all), the spectrum of the fast relaxing H (fast rel.), and the spectrum of slowly relaxing H (slowly
rel.) are depicted. The lower panel shows the results of our ab initio calculation.
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Figure 6.3: C chemical shift spectra in hydrogenated amorphous carbon. The upper panel shows
the experimental data [95]. The lower panel shows the calculated spectrum. We decompose the
theoretical spectrum (all), into contributions from the 3-fold and 4-fold coordinated atoms not
bonded to an H (3-fold and 4-fold), and the atoms bonded to an H (3-fold H and 4-fold H).
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Figure 6.4: C chemical shift spectra in pure amorphous carbon. The upper panel shows the exper-
imental data [108]. The lower panel shows the calculated spectrum. We decompose the theoretical
spectrum (all), into contributions from the 3-fold and 4-fold coordinated atoms (3-fold and 4-fold).
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already the second shell atoms are affected only marginally, demonstrating the locality of dpyg in
the amorphous phase. Finally in the hydrogenated sample there is one twofold-coordinated atom
with an even more paramagnetic shift of 0ys = 326 ppm (not shown in Fig. 6.3).

6.5 Conclusion

In conclusion, for the first time, a NMR chemical shift spectra calculation of real materials
in the crystalline and amorphous phases has been performed. The excellent agreement of the
calculated spectra with experiments, and the size of the samples that can be studied, establish the
method presented in chapter 5 as a useful tool for the interpretation of NMR spectra in solid state
physics, chemistry and material science. We show that the Raman and NMR line broadening in
polycrystalline CVD diamond can be attributed to stress fluctuations. For hydrogenated amorphous
carbon, the computed H spectrum indicates that an assignment of H chemical shifts based on
a comparison with the hydrocarbon spectra is incorrect. Instead, we support a heterogeneous
model[95], according to which the experimental amorphous samples are a mixture of two spatially
separated phases; a sp?-sp® C network and a polymeric (CHs), chain structure. Finally, we confirm
that like in molecules, the C chemical shifts in the amorphous phase are mostly determined by the
C coordination.
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Chapter 7

Surface state effects on the NMR chemical shift

7.1 Introduction

In the bulk of a crystal, as a general consequence of lattice periodicity, the electronic states
are extended. At a surface however, the translational symmetry of the crystal is broken, and
localized electronic states, which are forbidden in the bulk, can exist. These surface states decay
exponentially from the surface into the bulk, and play an important role in the electronic, chemical,
and structural properties of the surface. They can be detected by surface-sensitive experimental
techniques, e.g. with X-ray photoemission spectroscopy, ultraviolet photoelectron spectroscopy, or
scanning tunneling microscopy. However, to our knowledge, only indirect experimental observations
of the surface states’ decay have been reported [127]. In this chapter we present an ab initio
calculation of the *C nuclear magnetic resonance (NMR) chemical shifts of a diamond surface, using
the theory developed in chapter 5. In the atomic layers close to the surface, we find surprisingly
strong variations of the chemical shift, which are proportional to the probability density of an
unoccupied surface state decaying into the bulk. Using this effect, it is then possible to measure
directly the decay length of the surface state with NMR.

The relevance of our theoretical findings is further enhanced by recent experimental advances in
surface NMR. To study surfaces with NMR, one needs to selectively amplify the signal from surface
atoms. This has been accomplished using optically pumped hyperpolarized gases. The NMR signal
is proportional to the population difference in nuclear spin levels. At thermal equilibrium, this
difference is usually less than 1 in 10°, but with optical pumping, it is possible to reach values
which are close to unity. These techniques have been used to increase the NMR signal of 12°Xe in
the gas and solid phases [128], or adsorbed on surfaces [129, 130]. Via cross polarization, the ??Xe
polarization can be transfered to other nuclei, such as 'H or 13C [131, 132, 133, 134, 135]. In the
case of 1?9Xe adsorbed on a surface, the polarization is preferentially transfered to the nuclei close
to the surface, whose signal is enhanced by many orders of magnitude [132, 133, 134]. Moreover, one
can probe nuclei at different distances from the surface by changing the contact time, and thereby
the penetration depth of the spin polarization [133, 134].

7.2 NMR chemical shifts on surfaces

A uniform, external magnetic field Bey applied to a sample of matter induces an electronic
current density J(r), which gives rise to a non-uniform induced magnetic field, Bj,q(r). As explained
in chapter 5, even deep inside the bulk, the chemical shift tensor P (r), depends on the shape of the
sample and on the orientation of the external magnetic field. This effect is a signature of macroscopic
surface currents. In classical magnetostatics, the surface current is K = cxBext X 011, where ¢ is the
speed of light, n| is the outwardly directed normal to the surface, and  is the macroscopic magnetic
susceptibility [103]. For a flat surface, K = 0, if Byt is normal to the surface, and K = ¢xBext, if
the field is parallel. As a result, in the bulk far from the surface, the shift differs from that of the
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standard spherical sample (0); o1 (bulk) = oy, (bulk) + 37y, and o)|(bulk) = osp(bulk) — 3mx. The
subscripts L and || denote the diagonal component of @ in the directions normal and parallel to
the surface, respectively. It is an important consistency check for our atomic-scale calculations that
inside the bulk, we indeed recover the behavior expected from macroscopic magnetostatics. We are
interested here in the microscopic surface effects, and therefore focus on the deviation from these
asymptotic bulk values at a distance z below the surface,

61(2) = ou1(z) —oL(bulk),
o) = o)(z) — o) (bulk) . (7.1)

By symmetry, for the ideal C(111):H surface, 7 isa diagonal tensor when expressed in basis vectors
parallel and perpendicular to the surface. For an arbitrary surface, the off-diagonal elements need
not vanish.

7.3 Results for the hydrogenated diamond (111) surface

We now consider a particular surface, which is the ideal, hydrogen terminated (111) surface of
diamond, C(111):H. The computational procedure is outlined in chapter 5. For C and H, the same
pseudopotentials are used as in chapter 6. The wave functions are expanded in plane waves up to an
energy cut-off of 70 Ry. For Brillouin-zone integrations, we use 15 special k-points in the irreducible
wedge of the Brillouin zone. To model the surface, a periodically repeated diamond slab of 20 C
layers is used, with a (111) hydrogenated ideal surface on each side. The unit cell is hexagonal
and contains twenty C atoms and two H atoms. The length of the hexagonal lattice constant a is
equal to 2.503 A, such that the C bond lengths in the center of the slab are equal to the computed
bond length of bulk diamond (1.533 A). After relaxing the slab by minimizing its total energy, the
distance between the H and C layer is 1.116 A. The distance between the first and second C layer
contracts to 0.479 A, which is 6% less than the corresponding bulk value. Negligible relaxations of
less than 1% are observed for the deeper layers.

The results of our calculation for the slab are presented in Fig. 7.1, where for each C layer we
plot d)(z) and 0, (z) as a function of the distance z from the H layer. With increasing z into the
crystal, the shift approaches the bulk value, and J(z) and J, () converge to zero. As Fig. 7.1
shows, 0, (z) is positive, i.e. a diamagnetic shift, and decays rapidly. When the field is parallel
to the surface, the results are different and quite unexpected. We find that d) is negative, i.e. a
paramagnetic shift, and decays to zero much more slowly. Even five C layers deep into the bulk, g
is still -1.9 parts per million (ppm), a magnitude which can be detected experimentally. The large
d)| for the subsurface layers can not be explained by a structural relaxation mechanism, since just
the first C layer relaxes significantly. We also note that d| of the even layers is essentially zero, and
only the odd layers show a slowly decaying ). Finally, at the first layer, the change in the isotropic
shift 6 = (20 +61)/3 is —18.9 ppm. This paramagnetic shift is contrasted by trends observed in
saturated hydrocarbons and in amorphous carbon, where a replacement of a C-C single bond by
a C-H bond moves the isotropic shift by between +2 and +13 ppm [136, 106], i.e. in the opposite
direction.
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Figure 7.1: The deviations of the chemical shift from the bulk value, J;(2) (circles) and d, ()
(squares) are plotted for each C layer as a function of the distance z from the H layer. We also plot
—p(z) (diamonds), where p(z) is the square amplitude of the surface state at the I' point, integrated
over an atomic sphere centered at each C site. The scale for p is chosen in such a way that, at the
third layer, —p(z) and §(2) coincide. Notice the close agreement between the two quantities. The
lines are guides for the eye.
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7.4 Analysis

To understand these surprising results, we consider the current density induced by an external
magnetic field parallel to the surface. To isolate the effect of the surface, we plot in Fig. 7.2 the
difference AJ(r) between the slab and the bulk current density. The bulk J(r) is generated by
taking the current density from the central two layers, and periodically replicating it everywhere.
From the figure we see that AJ(r) is localized on circular orbits around the atoms. Moreover, we
find AJ(r) to be negligible on all the odd layers, in coincidence with a vanishing d)(z). These
observations indicate that J;(z) for a given atom is mostly determined by induced currents around
that same atom.

The trends observed for ¢, (2), 0(2), and AJ(r) are related to the electronic structure of the
surface. Experimentally, the C(111):H surface exhibits a negative electron affinity [137], i.e. the
conduction band minimum is found to be 0.7 eV above the vacuum level. DFT-LDA reproduces this
property [138]. In our calculation, the conduction band minimum and the valence band maximum
are 0.76 eV above and 3.41 eV below the vacuum level, respectively (the DFT-LDA fundamental gap
being 4.17 eV). Furthermore, we find a non-degenerate, empty surface state band with a minimum
at the I' point of the Brillouin zone, 0.80 eV below the vacuum level. No occupied surface states
are present. These results are depicted in Fig. 7.3. The plane in which the surface state density
reaches its largest value is not located on a surface atom, but in the vacuum, 1.4 A away from the
H plane. Indeed the surface band originates from vacuum free electron states that are attracted
by the tail of the potential near the surface. This kind of surface states are a general feature of
negative electron affinity surfaces, and are also observed in BN graphitic sheets [139].

To understand the role of the surface states, we analyze the chemical shift by partitioning it
into a diamagnetic and a paramagnetic term [106], o = o4 + of, where oy is the diagonal element

of the tensor ¢ in the direction n, and

4= 5 2 = (7.2)
occ emp ; L 34 - L ;
of = m202 Z Z (i - |T/)ygj<ifyt|€7; |s > (7.3)

Here |1)) are the eigenstates of the Hamiltonian for the electrons with eigenenergies ¢, the indices
7 and j run over the empty and occupied states, respectively, and r and L are the position and the
angular momentum operators relative to the nucleus for which o is computed. In principle, Egs.
(7.2) and (7.3) hold only in a finite system, since in an infinite solid ol and o% individually diverge
due to the contributions at large r. However, we have shown that the deviation of o)(z) from
its bulk value for a given atom originates from variations of the current density, AJ(r), localized
around that same atom. This justifies an estimation of o(z) — o(bulk) by means of Egs. (7.2) and
(7.3), with the spatial integrations restricted to the vicinity of the atom for which o(z) is measured.
The diamagnetic term ag is always positive, whereas O'E is usually negative. The presence of empty
surface states in the gap increases the paramagnetic term o}, since the surface states lie below
the bulk conduction band, and hence the energy denominators in Eq. (7.3) become smaller. In
particular, for the extra surface state contributions, the numerator of Eq. (7.3) would be roughly
proportional to the square amplitude of the surface states on the atomic site. The diamagnetic term
og, which depends on occupied orbitals only, is not affected by empty surface states.

64



CHAPTER 7. SURFACE STATE EFFECTS ON THE NMR CHEMICAL SHIFT

Figure 7.2: Current density induced by an external magnetic field Bey parallel to the surface in the
(112) direction (coming out of the page). We show the current density in the (110) plane containing
the H atoms. Plotted is the difference AJ(r) between the slab and the bulk J(r). AJ(r) is not
shown above the top C layer, which experiences a different chemical environment since it is bonded
to the H layer. The grey scale coded density plot visualizes the square modulus of the surface
state at the I point. Dark corresponds to low and bright to high density. One can recognize the
characteristic p, shape of this state, which leads to the different behavior of 6, (z) and §;(2) shown
in Fig. 7.1. Notice that AJ(r) is larger around the atoms on which the surface state resides.
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Figure 7.3: Positions of the bulk and surface bands with respect to the vacuum level, computed
within DFT-LDA.

L uf), which has the lowest energy, and

For illustration, we single out the state at the I' point, |
should have the strongest effect on o} according to Eq. (7.3). In Fig. 7.2, we show as a grey scale
coded density plot the square modulus of |1 ). Indeed, AJ(r) is larger where the surface state
prevails. In Fig. 7.1 we plot —p(z), where p(2) is the integral of the square amplitude of L ) over
an atomic sphere of radius 0.42 A, centered at each C site. The scale for p is chosen in such a way
that, at the third layer, —p(z) and () coincide. The close agreement between —p(z) and d)(2)
indicates that ¢ is indeed proportional to the square amplitude of the surface state. The agreement
is not perfect for the first C layer, which experiences a different chemical environment since it is
bonded to the H layer. Finally, because of the symmetry of the C(111):H surface, the expression
(A, - L)yl ¢) in Eq. (7.3) vanishes. This explains why the surface state does not contribute to o
if the field direction n is perpendicular to the surface.

To understand why (f; - L)[4L () in Eq. (7.3) vanishes, we decompose ¢! ;) in spherical
harmonics Ynl1 inside the atomic spheres, where [ and m are integer, [ > 0, —] < m <[, and the axis
of quantization is ;. The surface possesses a 120° rotation symmetry along n; about the center
of a H atom. By this symmetry, the spherical harmonics coefficients of a non-degenerate eigenstate
at the I' point are zero, if m # 3k, where k is an integer. Furthermore, in carbon the spherical
harmonics coefficients with [ > 2 are known to be negligible, for states near the gap. Under this
assumption, the only non-zero coefficients would be those with m = 0, i.e. (A, - L)[s! ) =0. The

surf
density plot in Fig. 7.2 confirms this observation, since |z/)£urf> has the characteristic shape of a p,
(Yy) state.
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7.5 Conclusion

In summary, we have shown that the presence of electronic surface states has a strong impact on
the NMR chemical shift of atoms near the surface. Unoccupied surface states cause a paramagnetic
deshielding proportional to their square amplitude. This effect may be used as a means to measure
the spatial extent of surface states. We have illustrated the phenomenon for a flat surface, but a
similarly strong effect can occur also for different geometries, e.g. in semiconductor nanocrystals,
or zeolites, whenever surface states are present.
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