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1AbstractELECTRONIC STRUCTURE ANDNUCLEAR MAGNETIC RESONANCECHEMICAL SHIFT OF SOLIDS AND SURFACESbyBernd Georg PfrommerDoctor of Philosophy in PhysicsUniversity of California at BerkeleyProfessor Steven G. Louie, ChairSeveral di�erent topics related to the electronic structure of solids and surfaces are discussed inthis thesis. With the quasi-Newton algorithm for relaxing crystal structures, and a new ab initiomethod to compute nuclear magnetic resonance (NMR) chemical shifts, numerical methods aredeveloped and implemented to e�ciently compute properties related to the electronic structure.These techniques are then applied to a range of di�erent materials. The quasi-Newton methodis used to study the recently discovered high-pressure R8 phase of silicon, and the fcc-hcp high-pressure structural phase transition of xenon. Using the pressure-induced magnetic phase transitionof a model atomic hydrogen crystal as a test system, the accuracy of density functional theory in boththe generalized gradient approximation (GGA) and the local spin density approximation (LSDA)is compared to variational quantum Monte Carlo (VQMC) calculations [1]. Finally, for the �rsttime, the NMR chemical shift of extended systems such as amorphous carbon and the hydrogenateddiamond (111) surface are calculated from �rst principles.� In the �rst chapter, a model body-centered cubic (bcc) atomic hydrogen solid is studied usingdensity functional theory in LSDA and GGA. In GGA, the paramagnetic to antiferromagneticphase transition occurs at a higher density, and is in much better agreement with previousVQMC calculations than LSDA. The metal-insulator transition in GGA is observed at a higherdensity and is also closer to the VQMC result than LSDA. For the limit of isolated hydrogenatoms, it is found that in GGA the self-consistent electron density is greatly improved overLSDA due to a better cancellation of the spurious electronic self-interaction.� How a quasi-Newton method can be used to simultaneously relax the internal coordinatesand lattice parameters of crystals under pressure is the subject of the second chapter. Thesymmetry of the crystal structure is preserved during the relaxation. From the inverse of theHessian matrix, elastic properties and some optical phonon frequencies at the Brillouin zonecenter can be estimated. The e�ciency of the method is demonstrated for silicon test systems.� Chapter three presents a detailed ab initio study of the electronic and structural propertiesof the recently discovered R8 phase of silicon. Within the framework of density functional



2theory in LDA, and using pseudopotentials with a plane wave basis set, the energetics of theR8 phase compared to the other tetrahedrally-bonded diamond, �-Sn, and BC8 phases, areexamined. The bonding properties and the pressure dependence of the bond lengths of theBC8 and R8 phases are investigated. An analysis of the band structure reveals that R8 siliconcould be a semimetal or a semiconductor with a small, indirect band gap. The computeddensity of states of R8 silicon shows a sharpening of the valence band edge similar to the oneobserved for amorphous silicon.� In chapter four, the fcc-hcp high pressure structural phase transition of xenon is calculated,and the results are compared with experimental data from S. Caldwell, J. Nguyen, and R.Jeanloz [2]. Also, several candidate xenon-iron compounds under pressures of up to 500 GPaare simulated in order to explore the possibility of xenon having compounded with the iron inEarth's core, which could explain the low abundance of Xe in Earth's atmosphere. However,it is found that all considered Xe and Fe compounds are rather unstable, and even at highpressures, the formation of a chemical bond is unlikely.� Chapter �ve describes a theory for the ab initio computation of the NMR chemical shiftin extended systems, using periodic boundary conditions. This approach can be applied toperiodic systems like crystals, surfaces, or polymers and, with a supercell technique, to non-periodic systems such as amorphous materials, liquids, or solids with defects. Calculationsof hydrogen chemical shifts for a set of free molecules are presented, using density functionaltheory in LDA.� In chapter six, the NMR chemical shift spectra of diamond, CVD diamond, and diamond-likeamorphous carbon are computed from �rst principles. The results are in excellent agreementwith experiments, and are useful for the interpretation of NMR spectra in terms of the mi-croscopic structure of the materials. In particular, it is shown that the NMR and Raman linewidths in polycrystalline CVD diamond are due to stress 
uctuations, and a heterogeneousmodel for the amorphous hydrogenated phase is supported.� Unexpected features in the NMR chemical shift spectra of the hydrogenated diamond (111)surface are reported in chapter seven. On this surface, the presence of unoccupied surfacestates has a strong paramagnetic e�ect on the carbon chemical shift when the external mag-netic �eld is applied parallel to the surface. As the surface states decay towards the interior ofthe diamond crystal, so does their paramagnetic in
uence, which might open up the possibilityof measuring the decay of surface states by NMR.
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1Chapter 1Density-functional study of solid bcc hydrogen1.1 IntroductionAlthough density functional theory (DFT) in the local spin density approximation (LSDA)correctly describes the electronic structure of many systems, it fails in certain cases. In particular,the typical Mott insulators such as the transition metal oxides FeO and CoO are found to be metals.For CuO, not even the antiferromagnetic (AFM) order, a ground state property, is reproduced [3].Likewise, the undoped parent compound of high-Tc materials, La2CuO4, is a paramagnetic metal[4] in LSDA, but an AFM insulator in experiment.To overcome these di�culties, the LSDA has been improved in several di�erent ways. The self-interaction-corrected LSDA (SIC-LSDA) correctly predicts that MnO, FeO, CoO, NiO, and CuOare AFM insulators, and drastically improves gaps and local magnetic moments [5]. Due to thenumerical e�ort involved, this method is however not readily applicable to larger systems.Other studies employ an \LDA+U" approach [3, 4, 6, 7, 8], where the local density approxi-mation (LDA) or LSDA are augmented by additional terms to introduce the Hubbard energy U .These methods have enjoyed considerable success [4, 7] in that they correctly reproduce the AFMground states of NiO, CoO, FeO, and La2CuO4. A systematic improvement of the ground-state andsingle-electron excited-state properties over LSDA has also been reported [9] for LaMO3 perovskites(M=Ti-Cu). On the other hand, the method fails for early 3d transition-metal oxides [3].Finally, generalized gradient approximations [10] (GGA) have been applied to Mott insulators.A fairly clear picture emerges from a literature review [11, 12, 13, 14]. GGA systematically improvesover LSDA, but often not enough. For instance, the insulating YTiO3 is metallic [11] both in GGAand LSDA, but with a smaller band overlap in GGA. GGA slightly enhances the magnetic momentsof MnO, NiO, and CoO, and substantially improves the HOMO-LUMO band gaps of MnO and NiO[12]. In GGA, the AFM insulator CaCuO2 is found [13] to be a paramagnetic (PM) metal, but itis closer to an AFM instability than in LSDA. For FeF2, CoF2 [13], YVO3, and LaVO3 [14], GGAcorrectly yields an insulator, whereas LSDA predicts a metal.In this chapter, we compare the Ceperley-Alder [15] LSDA functional in the parametrization ofPerdew and Zunger [16] with the Perdew-Wang 91 GGA functional (GGA PW91)[10]. We considertwo systems: atomic hydrogen, and a model body-centered cubic (bcc) atomic hydrogen crystal.For atomic hydrogen, the exact solution to the electronic structure problem is known. In the bccmodel solid, we can judge the quality of the density functionals by comparing with variationalquantum Monte Carlo (VQMC) calculations from Jing Zhu's thesis [1]. We will focus on theaccuracy with which the density functionals reproduce the magnetic and the Mott metal-insulatortransitions. This transition is of particular interest because of the ongoing experimental e�orts toproduce metallic hydrogen [17, 18, 19]. In contrast with many metal oxides, solid hydrogen is arather delocalized system, since near the phase transition, the hydrogen 1s wave functions overlapconsiderably. Therefore, the \LDA+U" method might not be appropriate here [6].



Chapter 1. Density-functional study of solid bcc hydrogen 2Etot T V EH Ex Ec ExcExact -1 1 -2 0.625 -0.625 0 -0.625LSDA -0.958 0.933 -1.891 0.597 -0.513 -0.044 -0.557PW91 -1.003 0.993 -1.991 0.615 -0.606 -0.013 -0.619Table 1.1: Values (in Rydbergs) for total energy Etot, kinetic energy T , potential energy V , Hartreeenergy EH , exchange energy Ex, correlation energy Ec, and exchange-correlation energy Exc. Aself-consistent electron density is used for the GGA PW91 functional and the LSDA.1.2 Hydrogen atomIn the Kohn-Sham [20] approach, the electronic energy Etot is the sum of four terms:Etot = T + V +EH +Exc : (1.1)For a single-electron system such as the hydrogen atom, the exchange-correlation energy Exc shouldexactly cancel the spurious self-interaction Hartree energy EH , such that only the kinetic energyT and the ionic potential energy V are left, and the corresponding Kohn-Sham equation turnsinto Schr�odinger's equation. The exchange-correlation energy Exc can be decomposed further intoexchange and correlation energy, Exc = Ex +Ec, where Ex is de�ned as the Kohn-Sham exchangeenergy computed from the single-particle density matrix of the exact Kohn-Sham orbitals [21].Obviously, Ex = �EH , and therefore Ec = 0.In Table 1.1, we show the numerical values for the various terms in (1.1) for the hydrogen atom.The energies have been calculated with the self-consistent electron number densities n(r). Similarresults have been published previously [21, 22], but not for self-consistent densities. For comparison,we also show the exact analytic results in Table 1.1. The GGA PW91 functional not only gives amuch better agreement for the total energy than LSDA, but also the individual terms are closer tothe exact values. Further, the separation between exchange and correlation appears to be improved,although from a practical point of view, this is immaterial.As is evident from the kinetic and potential energy terms in Table 1.1, the self-consistent electrondensities in GGA PW91 and LSDA must di�er. They are shown in Fig. 1.1, along with the exactdensity. We see that the GGA PW91 pulls the wave function in towards the nucleus, compared tothe LSDA, such that the self-consistent density is much closer to the exact one. This also explainswhy the kinetic energy is higher, and the potential energy is lower in GGA PW91 than in LSDA.The di�erences in the self-consistent electron density are due to the exchange-correlation poten-tial vxc(r) = �Exc=�n(r). Fig. 1.2 shows the exchange-correlation potentials for LSDA and GGAPW91, and the exact exchange-correlation potential, which is just the negative of the Hartree po-tential, vH(r) = R n(r0)jr�r0jd3r0, using Rydberg units. We see that neither LSDA nor GGA PW91 trackthe exact exchange correlation potential well, and they both do not show the correct asymptoticlimit [23] for large r, which is limr!1 vxc(r) = �2=r. The wiggle in the GGA PW91 exchange-correlation potential at about r = 5 a.u. (1 a.u. being the Bohr radius) is not an artifact of theimplementation, but stems from the particular functional form of the PW91 exchange potential.Notice also the divergence at the origin, which is intrinsic to all gradient-corrected functionals.The improved quality of the electron density in GGA PW91 over LSDA thus appears somewhatfortuitous, since the potential shows de�ciencies at large and small r, but has just the appropriateslope in the regime between r � 1 � 3 a.u. to yield a good density. A similar shape for vxc(r),
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Figure 1.1: Electron number density n(r) of the hydrogen atom as a function of the radius. Shownare the exact density (solid line), and the self-consistent densities in LSDA (dashed line) and GGAPW91 (dot-dashed line).
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Figure 1.2: Exchange-correlation potential vxc(r) in Rydbergs for the hydrogen atom as a functionof the radius. Shown are the exact vxc (solid line), and the self-consistent vxc in LSDA (dashed line)and GGA PW91 (dot-dashed line).and a comparable improvement of the self-consistent density has been previously reported for theclosed-shell helium [24] and neon [25] atoms.1.3 Solid hydrogenA crystal of su�ciently separated hydrogen atoms obviously is an insulator. However, withoutmagnetic order, a one-electron band structure picture predicts metallic behavior, because the 1sband is only half �lled. This error is remedied if AFM order is assumed [26], which leads to adoubling of the unit cell size, and can open a band gap. With now two atoms in the unit cell,there are four bands derived from the atomic 1s states (one for each spin and atom). Although bysymmetry spin up and spin down bands are degenerate, the four bands can split into two pairs,separated by an energy gap. If the hydrogen atoms are brought closer together, the band dispersionincreases, and at some critical lattice constant the occupied and unoccupied bands start overlapping,at which point the insulator becomes a metal. This can occur while still the AFM order is preserved.As the distance between the hydrogen atoms is decreased further, the AFM order vanishes, and a



Chapter 1. Density-functional study of solid bcc hydrogen 5PM metal is found.In contrast with the band theory of \itinerant" Bloch electrons is the Hubbard model Hamilto-nian approach [27], which was developed to describe systems where the electrons are fairly localized.There, two parameters describe the physical properties of the system: the electron hopping inter-action t and the intra-atomic Coulomb correlation interaction energy U . Except for a few specialcases, exact solutions of the Hubbard model Hamiltonian are not known. Some important conclu-sions however can be drawn from it [28]. For instance, Hubbard [27] demonstrated that the existenceof an insulating gap can be independent of the existence of spin order. This is quite in contrast to theSlater picture, where the insulating phase must be spin ordered. Based on a screening argument,Mott argued that the metal-insulator transition should be of �rst order, and suggested that themagnetic transition might occur simultaneously with the metal-insulator transition [29]. However,since the long-range Coulomb interaction is treated as a short-range phenomenon in the Hubbardmodel, the physics of the Hubbard model metal-insulator transition should be quite di�erent [28]from the one originally suggested by Mott [30].By using the Kohn-Sham equations of DFT, we commit to band theory. There is no reason tobelieve that DFT must therefore fail. In fact, the magnetization is a ground state property, andis hence accessible to DFT. The Kohn-Sham eigenvalues on the other hand cannot be interpretedas quasi-particle excitation energies. It has been argued [3] that the gap in LSDA is related toa Hund's rule exchange term rather than the Hubbard parameter U , and therefore the gap willnecessarily come out too small. Because Kohn-Sham eigenvalues are nevertheless frequently usedto characterize materials, we will compare LSDA and GGA gaps with those obtained from VQMCcalculations.Several DFT studies of atomic hydrogen solids can be found in the literature [5, 31, 32, 33, 34, 35].Using LSDA and the linearized mu�n-tin orbital method in the atomic sphere approximation(LMTO-ASA), Min [33] et al report a PM-AFM transition for bcc hydrogen at a Wigner-Seitzradius of rs = 2:55 a.u., and a metal-insulator transition at rs = 2:85 a.u.. Moruzzi and Marcus [34]employ LSDA to study a hydrogen fcc lattice, where they �nd a second-order PM-FM transitionat rs = 2:7 a.u. (the AFM solution was not considered). At rs = 3:0 a.u. they observe a second-order metal-insulator transition. Finally, Svane and Gunnarsson [5] compare LSDA with the self-interaction corrected LSDA (SIC-LSDA), and �nd SIC-LSDA to produce a simultaneous �rst orderPM-AFM and metal-insulator transition at rs = 2:45 a.u. for the bcc hydrogen solid.Our calculations on bcc hydrogen are performed using a local pseudopotential of the Kerkertype [36] with a cuto� radius of 0.7 a.u.. The wave functions are expanded in plane waves up to a60 Ry energy cuto�. A 14� 14� 14 Monkhorst-Pack [37] grid is used to sample the Brillouin zonewith 84 k-points in the irreducible wedge.The results for the sublattice magnetic moment are shown in Fig. 1.3. In LSDA, the PM-AFMtransition is found at rs = 2:5 a.u., in agreement with previous results [5, 33]. With the GGAPW91, the phase transition occurs at the higher density rs = 2:25 a.u., which is much closer tothe VQMC result of rs = 2:2 a.u.. Thus, GGA not only improves the description of the hydrogenatom, but also of the solid. From the absence of hysteresis and the shape of the curves in Fig. 1.3,we conclude that the PM-AFM transitions in both LSDA and GGA PW91 are of second order, orat most very weakly �rst order. The VQMC results indicate a weak �rst-order transition [1], butthe statistical noise is too large for a de�nite statement. Notice that SIC-LSDA [5] observes themagnetic transition at rs = 2:45 a.u., although this value might not be reliable due to sensitivitiesto the LSDA functional parameterization [5].
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Figure 1.3: Sublattice magnetic moment of the bcc atomic hydrogen solid in units of �B (Bohrmagneton) as a function of rs in a.u.. The GGA magnetic moment (dot-dashed line) is close to theVQMC result (solid line), and clearly improves over LSDA (dashed line).
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Figure 1.4: Energy gap (in eV) of the bcc hydrogen solid as a function of rs (in a.u.). The GGAgap (dot-dashed line) opens at lower densities than in LSDA (dashed line), but is still o� from theVQMC result (solid line).Fig. 1.4 shows the band gap of bcc hydrogen at di�erent densities. In close agreement withMin et al. [33], we �nd bcc hydrogen to be an insulator in LSDA for rs > 2:8 a.u.. Using GGAPW91, the metal-insulator transition is observed at rs = 2:5 a.u., and consequently occurs at lowerdensity than the magnetic transition. VQMC on the other hand indicates metallic behavior for rssmaller than about 2:2�2:3 a.u., and thus the Mott and PM-AFM transitions occur at very similardensities. The agreement between GGA and VQMC is not as good as for the magnetic transition,but is much improved over LSDA.In conclusion, it has been shown that for a bcc hydrogen crystal, GGA gives a metal-insulatorand a PM-AFM phase transition at higher density than LSDA, and is in better agreement withVQMC results. Both transitions are most likely of second order in both LSDA and GGA. In thelimit of the isolated hydrogen atom, the better cancellation of the self-interaction Hartree termin GGA leads to an improved self-consistent electron density, although the exchange-correlationpotential in GGA is rather di�erent from the exact one.



8Chapter 2Relaxation of crystals with the quasi-Newton method2.1 IntroductionAb initio computations of the total energy within the framework of density functional theory(DFT) and the local density approximation (LDA) [21] have been successful in predicting thestructural properties of materials [38]. At zero temperature and pressure, the structural parametersare determined by moving the constituting atoms to positions where the energy E is minimal. Thiscan be done much more e�ciently if the forces on the atoms can be computed [39]. If a pressure pis applied to the material, it is the enthalpy H = E + pV which has to be minimized with respectto all structural parameters, including the volume V .Our focus will be on crystalline materials at zero temperature, where the unit cell shape andthe coordinates of the atoms inside the unit cell are the parameters to be adjusted such that theenthalpy acquires a minimum. In this chapter, we describe a symmetry-preserving algorithm torelax the unit cell shape and the atomic coordinates simultaneously by using the computed forces[39] and the stress [40]. This is a frequent task when structural phase transitions are studied, whereone is interested in the properties of a phase with a given symmetry as a function of pressure.Although we demonstrate the e�ciency of our method within the framework of DFT in LDA, it isof rather general use, and can be applied to relax crystal structures whenever forces and stress areavailable.Quantum molecular dynamics schemes of di�erent 
avors are commonly used to tackle thisproblem. In contrast to the Car-Parrinello method [41], we follow the more traditional approach[42] and relax the electronic degrees of freedom completely before moving the atoms, and changingthe shape of the unit cell. While the early molecular dynamics methods kept the unit cell shapeof the crystal �xed, and relaxed only the internal degrees of freedom, the more recent algorithmsallow for a variation of both. The �rst molecular dynamics approach with a variable unit cell shapewas proposed by Parrinello and Rahman (PR) [43], where a �ctitious Lagrangian governed the timeevolution of internal coordinates and the cell shape. However, the crystal symmetry is not preservedalong the trajectories derived from their Lagrangian, in other words the symmetry of the crystalcan be reduced during the relaxation process. This is undesirable when structural phase transitionsare examined, where one would like to impose the crystal symmetry. Picking the strain � as time-dependent variable instead of the lattice vectors, Wentzcovitch [44] modi�ed the PR Lagrangian togenerate symmetry-preserving trajectories.We present here a relaxation scheme which preserves the symmetry and is not based on amolecular dynamics approach, but uses a powerful quasi-Newton optimization scheme to search forthe relaxed con�guration. While this method has been applied to treat forces on atoms before [45],we report for the �rst time how to simultaneously relax the lattice parameters. The quasi-Newtonmethod accumulates information about the enthalpy surface in the inverse of the Hessian matrix H,which renders it superior to the molecular dynamics algorithms proposed recently [42]. After therelaxation has been completed, H can be exploited to estimate elastic properties and the optical



Chapter 2. Relaxation of crystals with the quasi-Newton method 9phonon energies at the center of the Brillouin zone. Using H obtained from similar calculationsfurther improves the performance. We demonstrate the e�ciency of our scheme for silicon in thediamond and the R8 phases [46].2.2 The quasi-Newton method for crystal structure relaxationWe start this section by establishing the notation and de�ning the con�guration space coordi-nates. The crystal structure is determined by the matrix of lattice vectors h = fa; b; cg and thecoordinates si; i = 1; : : : N relative to h of the N atoms in the unit cell, which has a volume of
 = det(h). The energy E per unit cell is a function of h and the si's.For convenience, we choose the �nite strain tensor � as a free variable instead of the latticevectors h. It has 9 components and stretches a reference con�guration h0 into h = (1 + �)h0.Molecular dynamics schemes [44], [47] often constrain � to be symmetric in order to avoid rotationsof the unit cell. Since there is no notion of angular momentum in our scheme, we allow for anasymmetric � to simplify the extraction of elastic properties and phonon modes in Section 2.3.Relaxing a crystal structure with N atoms in the unit cell under the applied pressure p thus isan optimization problem for the enthalpy per unit cell H = E + p
 in a 9 + 3N -dimensional space:H = H(�; s1; : : : sN ) : (2.1)Let us denote a point in con�guration space by the column vector X. We de�ne the �rst ninecomponents of X to be the strain components �, which are converted into a nine-element columnvector by X3(i�1)+j = �ij; i; j = 1; 2; 3. Then follow the coordinates of the atoms in the unit cell,s1; s2; : : : sN . We will call the negative of the derivative of the enthalpy H with respect to X,F = � @H@X ����p ; (2.2)the \force vector". The strain components of F are the derivatives of H = E + p
 with respect to�: f (�) = �(� + p
)(1 + �T )�1 ; (2.3)where � is the stress at a given con�guration X:� = �@E((1 + �0)h)@�0 ��0=0 : (2.4)Notice that the right hand side of (2.3) need not be symmetric, and that we do not symmetrize it.Thus, � can become asymmetric during the course of the relaxation.The other 3N components of F are obtained by multiplying the forces on the atoms f1 : : : fNin lattice coordinates with the metric tensor g = hTh, such that the complete F can be written asF = (f (�); gf1; : : : ; gfN )T : (2.5)There exist a large number of algorithms for �nding minima of multi-variable functions if the�rst derivative is available. We favor the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newtonscheme [48] for its stability and e�ciency [49]. A recent review of this method is given in reference[50]. Like all quasi-Newton schemes, BFGS accumulates information about the Hessian matrix, and



Chapter 2. Relaxation of crystals with the quasi-Newton method 10therefore about the shape of the enthalpy surface around the minimum. As we will show in Section2.3, in many cases this allows to estimate the frequencies of zone-center optical phonons, elasticsti�ness coe�cients, and the bulk modulus.Su�ciently close to a minimum Xmin, the change in enthalpy �H can be approximated by:�H = 12(X �Xmin) �A(X �Xmin) : (2.6)In the vicinity of Xmin, complete knowledge of the Hessian matrix A would allow us to �nd theexact (local) minimum Xmin from the force F with one relaxation step. However, A is unknown.The key idea of the quasi-Newton schemes is to start with an initial guess for A, and improve onA successively as the relaxation proceeds. Actually, it is not A, but the inverse H = A�1 which isbeing developed. In relaxation step i+ 1, the previous position Xi is updated according to:Xi+1 = Xi + ��Xi ; (2.7)�Xi = HiFi (2.8)where Fi is F evaluated at Xi, and � is the step length which is determined by an approximate lineminimization along the step direction �Xi. The BFGS scheme takes as input an initial guess H0for H, and updates it according toHi = Hi�1 � (Xi �Xi�1)
 (Xi �Xi�1)(Xi �Xi�1) � (Fi � Fi�1) � (Hi�1(Fi � Fi�1))
 (Hi�1(Fi � Fi�1))(Fi � Fi�1) �Hi�1(Fi � Fi�1)+[(Fi � Fi�1) �Hi�1(Fi � Fi�1)]U 
 U ; (2.9)U = (Xi �Xi�1)(Xi �Xi�1) � (Fi � Fi�1) � Hi�1(Fi � Fi�1)(Fi � Fi�1) �Hi�1(Fi � Fi�1) :If the enthalpy were perfectly quadratic in X �Xmin, Hi would converge to A�1 after the numberof relaxation steps has reached the number of degrees of freedom in the system [51]. More precisely,Hi and A�1 would not be identical, but have the same projection into the sampled subspace. Thenumber of degrees of freedom equals the number of symmetry-compliant directions in con�gurationspace, not counting rotations of the unit cell and an overall translation of the atoms. This amountsto the number of symmetric optical phonon modes at the Brillouin zone center � plus the numberof lattice parameters.In molecular dynamics schemes, one has to choose suitable �ctitious masses and proper timesteps to get fast convergence. The masses are normally determined by optimizing the dynamicalcoupling to the internal degrees of freedom during test runs [44]. Analogously, in the present quasi-Newton method, H0 has to be initialized properly to assure a reasonable step size during the �rstfew relaxation steps. It is important that H0 does not break the symmetry when it is applied to aforce vector F . Evidently, the dependence of the enthalpy on � is governed by the elastic sti�nesscoe�cients Bijkl [52], or in a coarser sense, by the bulk modulus. Similarly, the optical phononfrequencies at � should determine the increase of the enthalpy upon displacement of the internalcoordinates from the equilibrium positions.With this in mind, we suggest to set the strain part of H0 to the (9 � 9) identity matrixmultiplied by (3
B0)�1, B0 being an estimate for the bulk modulus. Thus in the �rst step, thestrain components of the search direction �X0 will be parallel to f (�). For the internal coordinates,



Chapter 2. Relaxation of crystals with the quasi-Newton method 11we propose to initialize H0 as block diagonal with (3� 3) matrices of the form g�10 �M�1�!�2O , whereg0 = hT0 h0 is the metric tensor of the initial con�guration, �M is the average mass of the atoms, and�!O is a guess for the average of the optical phonon frequencies at the center of the Brillouin zone:
H0 = 0BBBBBBBBB@

(3
B0)�1 0. . . (3
B0)�1 g�10 �M�1�!�2O . . .0 g�10 �M�1�!�2O
1CCCCCCCCCA : (2.10)

The motivation for Eq. (2.10) will become more transparent when we discuss the extraction ofelastic properties and optical phonon modes in Section 2.3. We show in section 2.5 that thisinitialization of H preserves the symmetry of the crystal during the relaxation. Note that (2.10)has only two \free" input parameters �!O and B0, which makes it simple to use. There are certainlymore sophisticated ways of choosing H0, for instance with di�erent values on the diagonal for thestrain part, corresponding to strains for which the elastic sti�ness coe�cients are expected to di�ersubstantially. However, this will only matter during the �rst few relaxation steps for a new structure.In the case that a similar relaxation has been done previously { for example the same structure,but at a di�erent pressure { the fully built-up H of that calculation can be used with great bene�t,as we will see in Section 2.4.3.The line minimization required to �nd � in Eq. (2.7) cannot be performed exactly, and one hasto refrain to trial steps to �nd the minimum of H along the proposed search direction �Xi. It isoften advantageous not to do any line minimization, and set � = 1, because the increased numberof relaxation steps required will be more than outweighed by the savings in force/stress evaluationsfor the line minimization. On the other hand, during the �rst few relaxation steps, the force Fmight be large due to a poor initialization of H, and an approximate line minimization is necessaryto stabilize the algorithm. We �nd the following procedure a good compromise for several di�erentsystems. After a trial step with � = 1, a linear �t to the forces F at � = 0 and � = 1 is performed.From the �t, we obtain �2 for which H should be minimal along �Xi. If �2 is smaller than 0.4or larger than 1.6, we move by �2�Xi. Otherwise, we consider � = 1 as su�ciently close to theminimum, and move by �Xi, thereby saving a force/stress computation. Once H is built up, thetrial step with � = 1 will be close enough to the minimum to omit the additional step with � = �2.In general there are several local minima in con�guration space, and the algorithm can gettrapped in one of those. In that sense, we present a method to relax forces and stress, not to�nd the structure for which the enthalpy is globally minimal. The location of the global enthalpyminimum still requires the intuition of a good starting point. The very same fact allows us to applynegative pressures, where the system could lower its enthalpy H = E�jpj
 arbitrarily by increasingthe cell volume 
. This indeed happens for strong negative pressures if the initial crystal structureis weakly bound, e.g. by Van der Waals forces. For moderate negative pressures, and crystals withionic, metallic, or covalent bonds, this is not a problem though.2.3 Optical phonon modes and elastic propertiesGiven a perfectly quadratic form of the enthalpy around the minimum, and assuming an exact



Chapter 2. Relaxation of crystals with the quasi-Newton method 12line minimization, it can be shown [51] that H will converge to the inverse of the matrix A, and onewould think that conversely a large amount of information about phonon frequencies and elasticproperties can be extracted by analyzing H. However, the assumption of a quadratic form isonly valid around the minimum, and we already mentioned that an accurate line minimization isexpensive to do.Also, the relaxation process might be converged long before the H-matrix is fully built up. Thisis especially true for a large number of degrees of freedom and if the initial con�guration is close tothe relaxed one. Even though it is often possible to extract information from an incomplete H, forsimplicity we will assume that all degrees of freedom have been sampled.Moreover, depending on the crystal structure, only a subspace of the full con�guration spacemight be sampled during the relaxation process, since the crystal symmetry is preserved. Thus, wecan only get the elastic properties for strains which do not break the symmetry, and the symmetry-preserving optical phonon modes at �. On the other hand, since isotropic scaling leaves the sym-metry unchanged, the cell volume 
 is always a free parameter, and the bulk modulus is accessibleirrespective of the crystal structure.The extraction of information starts with manipulations of the H-matrix (cf. Eq. (2.9)) obtainedfrom the last relaxation step. We �rst correct for the �nite strain, which enters the force f (�) in Eq(2.3) in the form of a factor of (1 + �T )�1. After de�ning the (9 + 3N)� (9 + 3N) matrix D as
D = 0BBBBBBBB@ (1 + �) 0(1 + �) (1 + �) 1 . . .0 1

1CCCCCCCCA ; (2.11)
we arrive at the corrected (9 + 3N)� (9 + 3N) matrixH 0 = D�1THD�1 : (2.12)In Eq. (2.12), H is transformed from the coordinate system of the initial con�guration h0 to thecoordinate system of the relaxed con�guration h, such that H 0 describes the changes in enthalpyaround the relaxed con�guration.We then restrict the strain around the relaxed con�guration to be symmetric by projecting H 0from the full (9� 9) strain space to the smaller (6� 6) strain space in Voigt notation, which leadsto the (6 + 3N)� (6 + 3N) matrix H 00.Next we �nd out which directions in con�guration space have been sampled by examining theupdate H 00update = H 00 � H 000 , where H 000 is obtained from H0 the same way as H 00 from H. Theupdate H 00update has accumulated the step directions by means of the updating formula Eq. (2.9),and a singular value decomposition (SVD) of H 00update = U � w � V T (see [48]) yields a set of morthonormal basis vectors of length (6 + 3N) spanning the sampled subspace. We collect the basisvectors from the columns of U for which the corresponding diagonal elements of w are nonzero [48],into the columns of the (6+3N)�m matrix Y . Assuming that all directions in con�guration spacepermitted by the symmetry constraints have been sampled, m is the number of degrees of freedom.In this case, we can choose the �rstm� basis vectors in Y to have components in the six-dimensional



Chapter 2. Relaxation of crystals with the quasi-Newton method 13symmetric strain space only, and the other ms basis vectors to be pure displacements of the internalcoordinates. Thus we have a symmetric strain tensor �(l) for each of the strain-only basis vectorsindexed by l = 1; : : : m�, and a set of atomic displacement vectors s(k)i ; i = 1; : : : N for each ofthe other basis vectors k = 1; : : : ms. Such a decomposition is always possible, because the latticedegrees of freedom and those of the internal coordinates are independent of each other.To determine the accessible elastic sti�ness coe�cients and phonon modes, it is convenient towrite the distortion �� and the atomic displacement vectors ui; i = 1; : : : N (in Cartesian coordi-nates) as linear combinations of the basis vectors spanning the sampled subspace:ui = msXj=1 �jM�1=2i hs(j)i ; (2.13)�� = m�Xj=1 �j�(j) : (2.14)Eqs. (2.13) and (2.14) de�ne the reduced coordinates � and �. The mass Mi of the atom i in (2.13)simpli�es the notation when the phonon modes are calculated later. For a compact matrix notation,we further introduce the (6 + 3N)� (6 + 3N) matrix
� = 0BBBBBBBBBB@

I6 0M1 M1 M1 M2 . . .0 MN
1CCCCCCCCCCA ; (2.15)

which has the (6� 6) identity I6 and the masses Mi on the diagonal. With the de�nitions given byEqs. (2.13), (2.14) and (2.15), the Hessian matrix �A in the reduced coordinates is�A = 0@ �A(�) �A(�;s)� �A(�;s)�T �A(s) 1A = (Y T�1=2H 00�1=2Y )�1 ; (2.16)and the change of the enthalpy �H around the relaxed con�guration (cf Eq. (2.6)) can be writtenas: �H = 12 0@m�Xi=1 m�Xj=1 �i �A(�)ij �j + 2 m�Xk=1 msXl=1 �k �A(�;s)kl �l + msXp=1 msXq=1 �p �A(s)pq �q1A : (2.17)Eq. (2.17) gives the change in enthalpy if the internal coordinates, the unit cell shape, or bothtogether are varied along the reduced coordinates. This information is contained in the matrices�A(s), �A(�) and �A(�;s), respectively.2.3.1 Optical phonon modesIt is straightforward to extract the normal modes and frequencies of the symmetry-preservingoptical phonons at � from �A(s). With a �xed unit cell shape, the enthalpy can be expressed in



Chapter 2. Relaxation of crystals with the quasi-Newton method 14terms of the displacement vectors ui; i = 1; : : : N of the N atoms:�H = 12 NXi;j=1uTi �(ij)uj; (2.18)where �(ij) is the 3 � 3 matrix of force constants of second order [53] between atoms i and j. Itsrelation to the matrix �A(s) is �A(s)mn = NXi;j=1(hs(m)i )T �(ij)(MiMj)1=2 (hs(n)j ) : (2.19)Thus �A(s) is the projection of the dynamical matrix at � into the subspace of symmetry-preservingdisplacement patterns.To �nd the phonon modes and the frequencies, one substitutes (2.13) into the equations ofmotion for the phonons, and arrives at the generalized eigenvalue problem(!2S � �A(s))� = 0 ; (2.20)where Smn = PNi=1(hs(m)i )T (hs(n)i ) is a symmetric overlap matrix between the basis vectors. Theangular frequencies ! and the vectors � that solve Eq. (2.20) contain all the accessible informationabout the phonon modes. To get the displacement patterns of the phonon modes in Cartesiancoordinates, we substitute the vector � into Eq. (2.13).2.3.2 Elastic sti�ness coe�cientsA fully built-up H-matrix allows the computation of some linear combinations of the elasticsti�ness coe�cients Bijkl for �nite pressure [54] from Eq. (2.17). The Bijkl's describe how theenthalpy changes upon lattice distortions around the equilibrium con�guration, assuming that thelattice distortion is accompanied by a relaxation of the internal parameters. We will now relateBijkl to �A, which gives the change of enthalpy along the reduced coordinates. It is not su�cientto just use �A(�), because the internal coordinates must be relaxed as the unit cell is deformed. Thematrix �B de�ned as �Bmn = �A(�)mn � ( �A(�;s) �A(s)�1 �A(�;s)T )mn (2.21)is the projection of Bijkl into the subspace of symmetry-preserving, symmetric strains �(j); j =1; : : : m�: 
 �(m)ij Bijkl�(n)kl = �Bmn : (2.22)If m� is less than six, the knowledge of �B in Eq. (2.21) does not allow one to recover all elasticsti�ness coe�cients Bijkl. In this case, one can only get information about linear combinations ofthe elastic sti�ness coe�cients. However, the bulk modulusB0 = 24
 m�Xm;n=1Tr(�(m))( �B�1)mnTr(�(n))35�1 (2.23)can always be computed, since the cell volume 
 is a free parameter and guarantees m� > 0.



Chapter 2. Relaxation of crystals with the quasi-Newton method 152.4 Numerical testsWe show the e�ciency of our method for three di�erent silicon systems, treated within densityfunctional theory (DFT) in the local density approximation (LDA) [15]. A norm-conserving pseu-dopotential [55] and a plane-wave basis set expansion up to an energy cuto� of 24 Rydbergs areused. Silicon is chosen because it is computationally simple, and because DFT in LDA is knownto reproduce the experimentally observed structural parameters accurately [56], [57]. For the lineminimization, we use the prescription outlined in Section 2.2.2.4.1 Bulk modulus and phonon frequenciesThe accuracy of our formulae for the bulk modulus Eq. (2.23) and the phonon frequencies Eq.(2.20) are tested by stretching the silicon bond in the two-atom cell of the diamond lattice alongthe (111) direction by 14% or 0.34 a.u. (1 a.u. = 0:52918 � 10�10m). This structure has threedegrees of freedom: the angle between the lattice vectors, the bond length between the two atomsin the unit cell, and the cell volume. While for the starting con�guration the angle is left at 60o,we decrease the volume per atom from 131 to 120 a.u3, and initialize H according to Eq. (2.10)assuming a bulk modulus of 500 GPa and an average phonon frequency of 8 THz. A Brillouin zoneintegration grid [37] of 8� 8� 8 is used, and no external pressure is applied.It takes 14 force/stress computations to reduce the stress and the forces to less than 10�3 GPaand 4 � 10�5 eV/a.u., respectively, thereby recovering the diamond structure. Using Eqs. (2.23)and (2.20), we compute the bulk modulus to be 90 GPa and the optical phonon frequency at � tobe 15 THz. This is close to the 96 GPa and 15.4 THz obtained from the Murnaghan equation ofstate [58], and a traditional frozen-phonon calculation. We cannot expect perfect agreement becauseof the imperfect line minimization and the anharmonicity of the enthalpy surface at the startingpoint. However, the accuracy is good enough to yield a reasonable estimate, and provide insightinto material properties. For example, when searching for hard materials [59], promising candidatestructures can already be identi�ed from the relaxation at ambient pressure, without going throughthe expensive computation of the equation of state.2.4.2 Relaxation of a 16-atom silicon supercellTo assess the performance of the quasi-Newton algorithm for a larger system, we apply it toa 16-atom supercell of silicon in the diamond structure, where the atoms are randomly displacedfrom the equilibrium positions with an amplitude of 0.05 a.u. in all three spatial directions. Afterdisplacing the atoms, the tips of the lattice vectors are distorted randomly with an amplitude of 5%.Finally, the volume is increased from 131.8 to 143.75 a.u.3 per atom. The resulting crystal has onlyprimitive translations as symmetry operations, resulting in 16 � 3� 3 + 6 = 51 degrees of freedomto be optimized for. Brillouin zone integrations are performed on a 2� 2� 2 grid [37]. No externalpressure is applied. We initialize the H-matrix according to Eq. (2.10) with an estimated bulkmodulus of 150 GPa and an average optical phonon frequency of 20 THz. Those di�er intentionallyfrom the 96 GPa and 15.4 THz of Section 2.4.1 in order to simulate realistic conditions, where thebulk modulus and the phonon frequencies are not known at the beginning of the calculation.Fig. 2.1 shows how the average force, the \stress" (Pij �2ij)1=2, and the error in the enthalpy�H decrease as the relaxation proceeds. Since there are 51 degrees of freedom, it will take at



Chapter 2. Relaxation of crystals with the quasi-Newton method 16least 51 relaxation steps to build up H completely. Thus in most cases, it takes two force/stresscomputations per relaxation step to perform the approximate line minimization. For the last threerelaxation steps, and also the following three steps not shown on the graph, an approximate lineminimization is not necessary, indicating that H has improved.2.4.3 Relaxation of the R8 phase of siliconThe R8 phase of silicon under pressure has been observed experimentally [46], and has beenstudied with ab initio calculations [60]. Its space group is R�3 with eight atoms in the rhombohedralunit cell. Two of the atoms are located at the Wycko� positions 2(c) (u; u; u), the other six areon the 6(f) (x; y; z) sites [46]. Including the unit cell volume 
 and the angle � between therhombohedral lattice vectors, this structure has six degrees of freedom. It is thus a good example toshow the performance of our method, because there are enough degrees of freedom to make a directminimization impractical, and it is required that the symmetry of the crystal is preserved duringthe relaxation process. We use this test case also to demonstrate the bene�ts of a good startingguess for H.We relax the R8 phase at several di�erent pressures p, starting with p = 8:2 GPa, for which theexperimentally observed parameters [60] are 
 = 902 a.u.3, � = 110:070, u = 0:2922, x = 0:4597,y = �0:0353, and z = 0:2641. A 6� 6� 6 grid [37] is used for the Brillouin zone integrations. TheH-matrix is initialized assuming a bulk modulus of 100 GPa, and optical phonon frequencies of 15THz. It takes 10 relaxation steps with a total of 16 force/stress computations to reduce the forcesto less than 10�4 eV/a.u., and converge the components of the stress tensor to better than 10�3GPa. At the relaxed position, for p = 8:2 GPa, we �nd the computed structural parameters to be
 = 861 a.u.3, � = 109:990, u = 0:280, x = 0:462, y = �0:034, and z = 0:269.Starting with the computed parameters at 8.2 GPa, we increase the pressure to 16 GPa, andthen to 24 GPa, relaxing after each increase in pressure. Analogously, we decrease the pressure from8.2 GPa to 0 GPa, and from there to -8 GPa. Fig. 2.2 shows how the cell volume changes duringthe relaxation processes. We perform the calculations with two di�erent initializations of H: oneinitialized according to Eq. (2.10) with B0 = 100 GPa, �!O=(2�) = 15 THz (shown as triangles), andthe other one (squares) taken from the fully built-up H of the previous pressure. For example tocompute the square-marked curve from 8.2 GPa to 0 GPa, the �nal H obtained from the relaxationat 8.2 GPa is used. The convergence criterion is such that the forces are smaller than 10�4 eV/a.u.,and the stress is accurate to better than 10�3 GPa.Fig. 2.2 shows the advantage of a superior initialization of H. Obviously, the H-matrix does notchange too much with pressure, and carrying over H from a relaxation at a similar pressure cutsdown the computational e�ort by half. Not only does a better H-matrix result in more e�cientstep directions, it also saves the line minimization, because the trial step of length � = 1 in Eq.(2.7) is already su�ciently close to the minimum. With the superior starting guess for H, we �ndconvergence after eight or fewer force/stress computations.An analysis of H for p = 0, gives a bulk modulus of 95 GPa for the R8 structure, comparedto 89 GPa from the Murnaghan equation of state [58]. Using Eq. (2.20), the frequencies for thesymmetry-preserving Ag phonon modes at the Brillouin zone center are 4.0, 9.7, 10.7, and 14.1 THz.
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Figure 2.1: Relaxation of the 16-atom silicon supercell. The atoms and the unit cell vectors havebeen randomly displaced from the perfect diamond structure, resulting in a system with 51 degreesof freedom. The average force, the \stress" (Pij �2ij)1=2 and the error in the enthalpy �H are shownas a function of the number of force/stress computations. Each symbol represents a relaxation step,and most of the time it needs two force/stress computations to perform a relaxation step becauseof the line minimization.
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Chapter 2. Relaxation of crystals with the quasi-Newton method 192.5 Symmetry conservationIn this section, we show that a relaxation with the BFGS scheme as outlined in Section 2.2indeed preserves the symmetry of the crystal if H is properly initialized (2.10).Let us �rst examine how a symmetry-compliant point X in con�guration space must transformunder a crystal symmetry operation f�j�g, � being a unitary mirror-rotation matrix, and � a non-primitive translation vector. The �rst nine components of X are just the strain components �, whichhave to remain invariant under the point symmetry operations:�0 = ��1�� = � (2.24)if the symmetry should be preserved. The other components of X are the positions si of the atomsin lattice coordinates, and they transform according tos0i = (h�1�h) si + h�1� : (2.25)Since the symmetry operation f�j�g leaves the crystal invariant, it is always possible to �nd thepermutation matrix Pij which gives the index of the atom j into which atom i has been mapped:s0i =Xj Pijsj : (2.26)If the components of a con�guration space point transform according to Eqs. (2.24) and (2.26), weshall call it symmetric.The derivative F of the enthalpy with respect to X in Eq. (2.5) is not symmetric, but thestep direction �X = HF is, as we will show below. The �rst nine components f (�) of F areinvariant under point symmetry operations according to Eqs. (2.3) and (2.5). The force fi in latticecoordinates transform like the positions in Eq. (2.26):f 0i =Xj Pijfj ; (2.27)and is symmetric, but it is gfi which forms the components of F , and this entity is not symmetric.To show that �X is indeed symmetric at each step, we �rst notice that H can be decomposedinto H = H0 +H(update) ; (2.28)where the H(update) is the sum of all updates (2.9). For HF to be symmetric, it is su�cient thatthe product of H0 with the force vector F is symmetric. Given that, H(update)F will be a linearcombination of symmetric vectors by virtue of the updating formula given by Eq. (2.9), and so willbe HF .It remains to show that H0F is always symmetric for our choice of H0. According to Eq. (2.10),the stress components of F do not mix with the force components, nor do the forces on di�erentatoms mix with each other when H0 is applied. Since we initialize the strain components of H tobe a multiple of the identity matrix, the strain part of H0F will trivially be symmetric. So arethe atomic-position components �si of H0F , as we see from their transformation behavior under asymmetry operation f�j�g. Because h�1�h commutes with g�10 g, we have�s0i = h�1�h �M�1�!�2O (g�10 gfi) =Xj Pij �M�1�!�2O g�10 gfj =Xj Pij�si ; (2.29)and hence H0F is symmetric.



Chapter 2. Relaxation of crystals with the quasi-Newton method 202.6 ConclusionIn conclusion, an e�cient quasi-Newton algorithm is proposed to simultaneously relax the inter-nal coordinates and lattice parameters of a crystal while preserving its symmetry. As a byproduct,elastic properties and some of the optical phonon modes can be estimated. The e�ciency of thequasi-Newton method is demonstrated for silicon in a 16-atom diamond supercell and the R8 phase.



21Chapter 3Silicon in the R8 structure3.1 IntroductionThe technological importance of silicon has motivated much work on its high-pressure phasediagram. Upon compression to about 10-12.5 GPa [61, 62, 63, 64], silicon transforms from thediamond structure (Si I) to the metallic �-Sn phase (Si II). When unloaded, it does not convertback to the diamond phase, but assumes the BC8 structure (Si III), a body-centered cubic phasewith an eight-atom basis [61], which is metastable at ambient pressure. Annealing of BC8 siliconproduces yet another metastable form of silicon, which is of the hexagonal diamond type [61] (Si IV).On very fast pressure release from 12 and 15 GPa to ambient pressure, two other metastable phaseswith tetragonal symmetry have been reported [65] (Si VIII and Si IX), although their structurecould not be completely determined. At pressures above � 13 GPa [63], the �-Sn phase is distortedto the Imma structure (Si XI) [66], which connects the �-Sn phase continuously with the simplehexagonal Si V observed at � 16 GPa [62, 63]. When applying even higher pressures, silicon assumesa yet unidenti�ed structure [62, 67, 68] at � 38 GPa (Si VI) before it converts to the hexagonalclose-packed Si VII at � 42GPa [68]. Finally, at a pressure of � 79 GPa, silicon is found to be inthe face-centered cubic structure [67, 68] (Si X).Recently, with silicon XII another metastable phase has been discovered [46, 60] and has beennamed R8, because of its rhombohedral lattice with eight atoms in the basis. The present chapterwill focus mostly on this phase, and discuss its structural and electronic properties in comparisonwith the closely related BC8 phase. We repeat and extend a previous ab initio study by Piltz etal. [60], but �nd signi�cant discrepancies regarding the zero-pressure volume and energy of R8.Attention will be devoted to the density of states (DOS) of the R8 phase, as it is the �rst crystallinesilicon phase with �ve-membered rings, which have been predicted to a�ect the electronic properties[69].3.2 StructuresAll of the structures addressed here have already been described previously [60, 70]. Therefore,we will focus on those structural features which are relevant in the present context.The diamond structure O7h (Fd3m) has an fcc lattice with a two-atom basis at the Wycko�8(a) positions. Each atom is surrounded by four equidistant neighbors at the corners of a regulartetrahedron. A tetragonal distortion transforms the diamond structure into the �-Sn structure,which has a body-centered tetragonal unit cell (space group D194h (I4/amd)) with a two-atom basison the 4(a) positions. At a pressure of 10.3 GPa, the unit cell parameters are [66] a=4.665(1) �A,c=2.572(1) �A. Each atom has four nearest neighbors at 2.42 �A, and two second-nearest neighborsat an only slightly larger distance of 2.57 �A. The angles between the bonds to the four nearestneighbors are 1490 and 940, largely deviating from the ideal tetrahedral angle of 109.470.Fig. 3.1 shows the more complex BC8 phase. It has a bcc lattice with an eight-atom basis located
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Figure 3.1: Ball and stick model of the BC8 phase of silicon. The primitive unit cell for the bcclattice is shown with bold lines. At its corners, a basis with the shape of a vertically oriented ethanemolecule is attached. The two di�erent bond lengths are labeled A and B.at the 16(c) sites, and is classi�ed by the space group T7h (Ia�3). We can think of the structure ascomposed of building blocks with the shape of ethane molecules. The crystal structure is obtainedby attaching this building block to the bcc lattice vertices, oriented in the (111) direction. In Fig.3.1 the bcc primitive unit cell is shown, with the basis attached to only four of the eight cornersof the unit cell in order to avoid cluttering. Due to the high symmetry of the structure, there isonly one internal degree of freedom, which is the parameter x0 for the atoms at the 16(c) sites. Atambient pressure, it is measured to be [60] x0 = 0:1003(8). Fig. 3.1 also shows the two distinctbond lengths labeled A and B following Biswas et al. [70]. At ambient pressure, experiment [60]�nds the A bond (2.31�A) to be signi�cantly shorter than the B bond (2.39�A). The angle betweentwo B bonds is 117.60, whereas the AB angle is 99.00. Both angles di�er substantially from theideal tetrahedral angle of 109.470.The R8 structure (Fig. 3.2) is characterized [46] by the space group C23i (R�3). The angle �between the basis vectors of the rhombohedral lattice is [60] 110.07(3)0 , which brings the latticevery close to the bcc lattice of the BC8 structure, where �=109.470 . Due to the reduced symmetry,R8 has four parameters specifying the eight-atom basis. At a pressure of 8.2 GPa they are [60]u = 0:2922(9) for the atoms at the 2(c) site, and x = 0:4597(8), y = �0:0353(7), z = 0:2641(7) for
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Chapter 3. Silicon in the R8 structure 243.3 MethodOur ab initio calculations are done within the framework of density functional theory (DFT) inthe local density approximation (LDA) using the parameterization of the Ceperley-Alder functional[15] by Perdew and Zunger [16]. The interaction of the valence electrons with the ionic cores isrepresented with a separable [71], norm-conserving, nonlocal Troullier-Martins [55] pseudopotential.We expand the wave functions in plane waves [39] up to a cuto� energy of 24 Rydbergs. For samplingthe Brillouin zone, Monkhorst-Pack [37] grids of the following sizes are used: 8�8�8 for the diamondphase, 10�10�10 for �-Sn , and 6�6�6 for BC8 and R8. With these parameters, the total energyis accurate to better than 0.2 mRy per atom. For all structures considered, the internal degrees offreedom as well as the lattice parameters are relaxed simultaneously with the quasi-Newton method[72] described in chapter 2.3.4 Stability of four-fold coordinated phases of siliconFig. 3.3 shows the results of our DFT-LDA total energy calculations. Plotted is the enthalpydi�erence in Rydbergs per atom with respect to the diamond phase as a function of pressure. Whenthe pressure exceeds 8.5 GPa, the �-Sn phase becomes lower in enthalpy than the diamond phase.Diamond anvil cell experiments �nd this transition to happen at a pressure of about 10 to 12.5 GPa[61, 62, 63, 64]. The transition pressure we �nd is in agreement with recent all-electron calculations(8.0 GPa) [73], and other pseudopotential plane-wave calculations (7.8 GPa) [74], (8.4 GPa) [75].Since the experiments only measure the transition upon compression, any hysteresis will bias theobserved transition pressure to larger values. A more detailed discussion and assessment of theaccuracy with which the present theory reproduces this phase transition can be found in references[73] and [74].A direct �-Sn to diamond transition upon decompression is not observed in experiment, butrather a conversion to the R8 phase at pressures of about 8.2-10.1 GPa [46, 60]. Our calculationspredict this transition at 7.4 GPa.In experiment [46], the R8 phase transforms reversibly to the metastable BC8 structure at � 2GPa. From Fig. 3.3, we can see that the pressure dependence of the enthalpy of the two phasesis very similar. Using a �t to the Murnaghan equation of state [58], we �nd the bulk modulus ofthe R8 phase to be 89 GPa, which is close to the 92 GPa we calculate for BC8. The similar bulkmoduli and the small di�erences in volume between the R8 and the BC8 phase make it di�cultto determine the transition pressure from our calculation. The enthalpy curves of R8 and BC8 inFig. 3.3 cross at -1.9 GPa. However, an inaccuracy of only 1 mRy/atom in our enthalpy calculationwould make the computed transition pressure vary by about 9 GPa. The convergence with respectto the k-point mesh for the enthalpy of the BC8 and R8 phases is accurate to 0.05 mRy/atom. Whenusing di�erent pseudopotentials, we see the enthalpy di�erences between R8 and BC8 vary by 0.15mRy/atom. Even though an accurate determination of the transition pressure is not possible, wenote that the qualitative behavior is correct: on decompression �-Sn �rst transforms to R8, andthen to BC8. Despite the small enthalpy di�erences between the two phases, the transition neednot show a large hysteresis. This is because the transformation can be accomplished by breakingonly one out of 16 bonds.The quasi-Newton scheme we use to relax the structure yields information about phonon fre-quencies at the � point [72]. At all pressures, we �nd R8 and BC8 to have purely real phonon
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Figure 3.3: Enthalpy (in Rydbergs) of tetrahedral phases of silicon as a function of pressure (inGPa). The enthalpy is given with respect to the diamond phase. Above 8.5 GPa the �-Sn phase ismore stable than the diamond phase. BC8 and R8 are both unstable, and have a very similar bulkmodulus. At higher pressure, R8 is more stable, whereas at lower pressures, BC8 is favored. Thecalculated transition pressure between �-Sn and BC8 is 7.4 GPa.



Chapter 3. Silicon in the R8 structure 26frequencies and therefore they are locally stable. In other words there is a persistent energy barrierbetween the two phases. Therefore, the phase transition is of �rst order, in agreement with exper-iment [60]. A softening of the optical phonon modes at � is not found within the pressure rangestudied.3.5 Structural properties of the BC8 and R8 phaseIn the present section, we will discuss the structural properties of the R8 and BC8 phases ofsilicon, focusing especially on the variation of the structure when external pressure is applied.In Fig. 3.4, we show the dependence of the crystal lattice parameters of the R8 and BC8 phaseas a function of pressure. The experimental data points are from Piltz et al. [60]. We �nd goodagreement between theory and experiment. The phase transition from BC8 to R8 is of �rst order,and is accompanied by a discontinuous change in volume. Although our calculations yield an overallunderestimation of the volume as it is typical for LDA calculations [76], we �nd good agreementfor the volume di�erences. With respect to the density at the phase transition, we compute the R8phase to be denser by 1.2%, which is a rather small change, and is close to the 2.1% determinedby X-ray di�raction [60]. The agreement is even better if we take into account that, due to thelimited X-ray intensity and the few lines observed, the volume of the R8 phase is uncertain byabout �0:7%. Our �ndings are in disagreement with previous DFT/LDA calculations [60], wherethe jump in volume appears to be about 7%.The equations of state of BC8 and R8 in Fig. 3.4 are similar because equilibrium volume andthe bulk moduli are similar. This is not surprising, since BC8 can be obtained from R8 by breakingand reconnecting only one out of 16 bonds. Moreover, both phases have a comparable density andare characterized by distorted sp3-type bonding.Also in agreement with experiment [60], we �nd the rhombohedral angle � to open as the pressureon the R8 phase is increased (Fig. 3.4). By opening �, the second-nearest neighbor distance A00between the atoms on the 2(c) sites is decreased, bringing them closer to a �ve-fold coordination.However, even at a pressure of 8.2 GPa, the calculated second-nearest neighbor distance is about30% larger than the nearest neighbor distance, and the system is clearly four-fold coordinated.Fig. 3.5 shows the change of the R8 internal parameters u, x, y and z as a function of pressure.Good agreement between theory and experiment [60] is observed for x,y, and z (experiment [60] at8.2 GPa: x = 0:4597(8), y = �0:0353(7), z = 0:2641(7)). The computed u however is smaller by4% than the u = 0:2922(9) found in experiment. Within the � 2�10 GPa stability range of the R8phase, the variation of the internal parameters is comparable to the experimental uncertainty in thepublished intensity data [60], and will be di�cult to observe. At elevated pressure, the u parameterrelated to the second-nearest neighbor distance A00 ceases to change, along with the rhombohedralangle �. This means that upon pressure increase, at lower pressures the second-nearest neighbordistance decreases strongly to facilitate the volume reduction, while above 10 GPa, it merely reducesaccording to an isotropic volume scaling.To get a better understanding of the behavior of the R8 phase under compression, we plot inFig. 3.6 the various bond lengths as a function of pressure. Evidently, those R8 bonds which arereminiscent of the BC8 bonds behave like their counterparts. Under pressure, the A0 bond of R8resembles the A bond of BC8, and so do the B0 and B00 bonds mimic the B bond. The C bond onthe other hand behaves rather di�erently. Under compression, it changes little while the pressureis below about 10 GPa. In this pressure region, most of the volume reduction is accomplished by
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Chapter 3. Silicon in the R8 structure 29diminishing the second-nearest neighbor distance A00. When reaching higher pressure, this processstops, and the C bond starts to shorten.3.6 Electronic properties of the BC8 and R8 phasesAlready the discoverers [46] of the R8 phase pointed out the presence of �ve-membered rings,and indicated that they should a�ect the electronic properties of the R8 phase [69]. While siliconin the BC8 phase is known to be semi-metallic [77], the electrical properties of R8 have not beenmeasured yet. In this section, we will extend the ab initio study of the electronic structure donepreviously [60].Fig. 3.7 shows the DFT/LDA band structures of silicon in the R8 and BC8 phases at zeropressure with the relaxed structural parameters from our calculation. For ease of comparison,both are plotted in the rhombohedral Brillouin zone (BZ) shown in the inset. In agreement withexperiment [77], we �nd BC8 to be a semi-metal, with a direct band overlap of 0.8 eV at therhombohedral T point, which is the H point in the bcc BZ. Turning to the R8 band structure, wesee the most interesting changes occuring around the T point. Here the threefold degeneracy at thetop of the BC8 valence band is split into a doublet and a singlet, and no direct band overlap is foundin R8. Rather, in the R8 phase there is a small indirect band overlap between the T and L pointof about 0.3 eV. This is somewhat less than the 0.5eV found by Piltz et al. [60]. It is importantto mention that LDA tends to predict too small gaps in most semiconductors. For silicon in thediamond structure, an indirect gap of 0.52 eV is found, compared to 1.17 eV from experiment [78].An accurate prediction of the metallicity of R8 silicon would require for instance a quasiparticleenergy calculation [78]. Thus, although we �nd R8 silicon to be a semi-metal, it could well be asmall-gap semiconductor.Model calculations on a tetrahedrally bonded �ctitious phase of silicon with �ve-memberedrings have revealed a number of interesting properties [69] of the density of states (DOS). The moststriking feature is a sharpening of the valence band edge, as it is seen in amorphous silicon. In Table3.1 we list the ring count for the diamond, BC8 and R8 structure. On the average, an R8 atom isparticipating in 334 �ve-membered rings. We show in Fig. 3.8 the DOS for BC8 and R8 as computedwithin LDA, using the relaxed structural parameters from our calculation. It is interesting to seethat indeed the DOS of R8 (solid line) shows a sharper valence band edge than that of BC8 (dashedline). With respect to BC8, apparently weight is transferred from the high peak at -2.3 eV (Region2) to the top of the valence band (Region 3) at around -1.5 eV. The peak at -2.3 eV has beenattributed [69] to the wurtzite-like eclipsed tetrahedral units present in BC8. In fact, when R8 isformed from BC8 by the rebonding process discussed earlier, eclipsed tetrahedral units involvingthe 2(c) atoms get converted into strongly distorted staggered diamond-like con�gurations.To gain a better understanding of some of the features in the R8 DOS, we examine the chargedensity contributions from the states in the Regions 1, 2, and 3 marked with boxes in Fig. 3.8. We�nd the states in Region 1 to be more localized between the 2(c) atoms, where they form an s-typebond. This is also evident from the local and angular-momentum resolved DOS shown in Figs. 3.9and 3.10 for the 2(c) and 6(f) atoms, respectively. There, the peak in Region 1 is stronger on the 2(c)than on the 6(f) site, and has mainly s character. Region 3, on the other hand, is predominantlyp-type, and the states here have also most of their amplitude between the 2(c) atoms. This isconsistent with our examination of the charge contributions originating from states in Region 3. Tomake sure that this is not an artifact of using the LDA-relaxed structure, we repeated our analysis
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Figure 3.8: Density of states per unit cell, per spin, and per eV for silicon in the R8 (solid line) andBC8 (dashed line) phase. For both, the relaxed geometry from our calculation at zero pressure isassumed. The energy is given with respect to the Fermi level. Note the sharper valence band edge(Region 3) of R8, and the less pronounced peak in Region 2.



Chapter 3. Silicon in the R8 structure 33

-14 -12 -10 -8 -6 -4 -2 0 2
Energy (eV)

0.0

0.1

0.2

D
O

S

total
s
p
d

R
eg

io
n 

1

R
eg

io
n 

2

R
eg

io
n 

3

Figure 3.9: Local density of states per unit cell, per spin, and per eV for the 2(c) atoms of R8silicon. The radius of the integration spheres is chosen such that for the shortest bond they justtouch. Also shown is the local projection onto angular momentum eigenfunctions with s (dottedline), p (dashed line) and d (dot-dashed line) character. The characteristic features of R8 in theRegions 1 and 3 are strongly pronounced.using the experimental structural parameters for R8 at 8.2 GPa, but aside from minor changes dueto the di�erent pressure, the features are the same. In summary, the characteristic di�erences inthe DOS of BC8 and R8 are visible in the local DOS of both the 2(c) and 6(f) sites, but are morepronounced for the 2(c) atoms.It is not clear whether the sharpening of the valence band edge (Region 3) can be directlyassociated with �ve-membered rings. However, the local DOS of the 2(c) atoms shows this featurestronger than the 6(f) atoms, while at the same time there are twice as many �ve-membered ringsrunning through the 2(c) sites than through the 6(f) sites (Table 3.1). Perhaps it is more intuitiveto interpret the sharpening of the valence band edge as a result of the distortion from the idealtetrahedral angle, leading to high-energy p-type states at the top of the valence band, and low-energys-type levels at the valence band bottom.
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Figure 3.10: Same as in Fig. 3.9, but for the 6(f) atoms of R8. The s-type peak in Region 1 andthe p-type peak in Region 3 are similar to the ones seen for the 2(c) atoms, but less pronounced.



Chapter 3. Silicon in the R8 structure 353.7 ConclusionIn our ab initio DFT/LDA calculation, we �nd the energetics and unit cell volume of the R8phase of silicon to be very similar to the one of the BC8 phase. This is re
ected in their similar bulkmoduli of 89 GPa (R8) and 92 GPa (BC8), and makes it di�cult to compute the transition pressurebetween these two phases. At higher pressures, R8 becomes more stable than BC8, in agreementwith experiment [46]. Both BC8 and R8 are found to be metastable with respect to the diamondor �-Sn structure. They are separated by a �nite energy barrier over a large pressure range, andthus the BC8!R8 phase transition is of �rst order.With increasing pressure, the rhombohedral angle � of the R8 phase opens, thereby reducingthe second-nearest neighbor distance to accommodate the volume reduction. Our calculated latticeparameters and the internal degrees of freedom x, y, and z of the R8 phase agree well with theavailable experimental data, but our u parameter comes out to be 4% smaller.The LDA band structure shows R8 silicon to be a semimetal with a 0.3 eV indirect band overlapbetween the T and L point. This is di�erent from BC8, where a direct band overlap of 0.8 eV isfound at the T-point. Due to the inaccuracies of LDA band structures, R8 silicon could also be asemiconductor with a small, indirect gap.Similar to amorphous silicon, the DOS of R8 shows a sharpening of the valence band edge inR8 silicon. The states right at the edge are dominantly p-type, and have more weight on the 2(c)sites. A strong peak in the BC8 DOS, which has been attributed before to wurtzite-type eclipsedcon�gurations [69], is less pronounced in R8. This coincides with the disappearance of eclipsedcon�gurations when BC8 is transformed to R8.



36Chapter 4Structure and geochemistry of xenon at high pressures4.1 IntroductionXenon as a noble gas is characterized by its reluctance to form chemical bonds. However, Xe canform compounds [79, 80], and even becomes a hexagonal close-packed (hcp) metal at high pressures[81, 82, 83]. At the same time, a relative depletion of Earth's atmospheric Xe compared withmeteoritic and solar abundances is observed [84, 85, 86] (the \missing Xe problem"), suggestingthat signi�cant amounts of Earth's primordial Xe could have formed a compound with the iron inthe core [87].Motivated by this idea, Sander Caldwell, Je� Nguyen, and Raymond Jeanloz from the Depart-ment of Geology and Geophysics at Berkeley performed diamond-anvil cell high-pressure experi-ments on a sample containing a mixture of Xe and Fe. Under pressures of up to 70 GPa, a laserwas used to heat the sample to peak temperatures of 3000K, in an e�ort to simulate the core'spressure of about 140-360 GPa and temperature of about 3500-6000K [88]. No evidence of a Xe-Fecompound was found, but new features of the high-pressure phase diagram of Xe were discovered.Earlier experimental work by Jephcoat et al. [89] had shown that Xe is stable in the face-centeredcubic (fcc) phase up to 14 GPa and in the hcp phase above 75 GPa up to at least 137 GPa, but thedi�raction pattern and crystal structure were not well resolved at intermediate pressures, and spec-ulatively the experimental data was attributed to an intermediate phase [89]. Using laser heating,Caldwell, Nguyen, and Jeanloz could bracket the fcc$hcp transition to about 18 to 24 GPa, andthe intermediate phase was found to be a mixture of hcp and fcc Xe. They also found the fcc$hcpto be extremely sluggish.In this chapter, an ab initio study of Xe under pressure is presented. Two points are addressed.First, the energetics of the fcc$hcp transition is studied in order to understand its sluggishness.Second, the possibility of Xe-Fe compounds is investigated by means of total energy calculationsfor a set of model compounds.All calculations presented here are static-lattice calculations, corresponding to zero temperatureand no zero-point vibrations. For the fcc$hcp transition of Xe, neglecting entropy e�ects mightnot be a big error since the phonon spectra of the hcp and fcc phases are very similar. For the Xe-Fecompounds, the calculated enthalpies of formation are large enough to allow at least a qualitativeassessment of the thermodynamic stability that is unlikely to change due to entropy e�ects. Ourcalculations are performed within the framework of density functional theory in the local densityapproximation (LDA) [16]. The electrons in the Xe and Fe cores are assumed to be inert, and aremodeled by norm-conserving pseudopotentials [55] in the Kleinman-Bylander form [71]. A fairlylarge energy cuto� of 80 Ry is used for the representation of the valence electron wave functions withplane-waves. Such a large cuto� is necessary to accurately describe the localized Fe 3d electrons. Ata given pressure, the internal coordinates of the structures and the lattice parameters are relaxedwith the quasi-Newton method [72] described in chapter 2.
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Figure 4.1: Ab initio enthalpy di�erences (in mRy) per atom between the hcp and fcc phases ofxenon as a function of pressure. The hcp-fcc phase transition occurs at about 5 GPa.4.2 Xenon under high pressureThe fcc and hcp phases are energetically very similar. Therefore, a �ne k-point mesh of 60 and70 special points is used for the fcc and hcp phases, respectively. With this choice of parameters,the inaccuracy in the enthalpy due to k-point sampling is less than 0.2 mRyd/atom. Fig. 4.1shows the di�erence in enthalpy between the hcp and the fcc phase of Xe as a function of pressure.In agreement with experiment, the fcc phase is stable at lower pressures, whereas the hcp phaseis favored at high pressure. The calculated transition pressure of about 5 GPa has to be takenwith a grain of salt, since the enthalpy di�erences are very small, and the calculation might su�erfrom the shortcomings of the LDA. Thus, the general agreement with the experimental transitionpressure of about 18-24 GPa found by Caldwell and coworkers [2] might be fortuitous. However,the small enthalpy di�erences observed in our calculation o�er a good explanation for the observedsluggishness of the fcc-hcp transition.As far as the structural properties are concerned, the agreement with experiment is quite good.
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Figure 4.2: Unit cell parameters for the fcc (a) and hcp (a,c) phases of Xe plotted against pressure.Lines are from theory, whereas symbols indicate experimental results from Jephcoat et al. [89] (solidsquares) and Caldwell et al. [2] (all other symbols).Fig. 4.2 shows the calculated unit cell parameters (solid line) along with X-ray di�raction results(symbols). The c=a ratio of hcp Xe is also in close agreement with experiment as Fig. 4.3 shows.With increasing pressure, c=a deviates from the ideal c=a = p8=3 = 1:633, indicating that thepicture of close-packed hard spheres becomes less founded. As Fig. 4.3 demonstrates, the measuredc=a ratio is close to the theoretical one, but it is di�cult to measure the c=a ratio with high enoughaccuracy to discern an increase of c=a with rising pressure.Although the bonding in Xe, like the other noble gases, has often been modeled through the useof pair potentials, the relatively low fcc-hcp transition pressure illustrates a deviation from such asimple model for the interatomic forces at high pressures. The transition pressure is predicted to beabout 64 GPA in such models, even when three-body interaction terms are included [90]. Our abinitio calculation as well as the experimental �ndings of Caldwell et al. suggest that the three-bodyterms need to be corrected to yield a lower transition pressure.
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Chapter 4. Structure and geochemistry of xenon at high pressures 40Pressure XeFe Xe2Fe XeFe2 XeFe2(GPa) P�3m1 P�6m2 P�6m2 hex. Laves0 5.2 5.7 4.9 -50 3.7 4.3 4.4 -100 3.0 3.6 4.2 -150 2.6 3.2 3.9 3.1500 1.0 1.4 2.8 0.9Table 4.1: Formation enthalpies of XeFe compounds in eV per formula unit. Quoted is the enthalpyof the compound minus the enthalpy of the separate elements.4.3 Stability of xenon-iron compoundsIn this section, four model compounds are used to explore the possibility of Xe and Fe forminga chemical bond:� hcp XeFe, i.e. ABAB. . . stacking with alternating layers of Xe and Fe (space group P�6m2),� hcp Xe2Fe, with ABCABC. . . stacking, where A and B are Xe layers, and C is an iron layer(space group P�3m1),� hcp XeFe2, as before but with Fe A and B layers, and a Xe C layer (space group P�3m1),� XeFe2 in the hexagonal Laves phase (space group P63/mmc). The Laves phases are close-packed structures of di�erently-sized hard spheres. From the theoretically derived unit cellvolume of hcp Fe and Xe, we calculated a ratio of 1.288 for the atomic radii of Xe/Fe at 150GPa. For comparison, 138 out of 164 experimentally observed Laves phases have a ratio ofatomic radii between 1.1 and 1.4 [91], showing that Xe and Fe are plausible candidates forforming a Laves phase at pressures above 100 GPa.For pressures up to 500 GPa, we computed the enthalpy of the separated phases, Xe and Fe, andof the model compounds. Table 4.1 presents the enthalpy di�erences between the compounds andthe separated phases. At any pressure, the compounds are energetically highly unfavorable. Eventhe least unstable model, the Laves phase, has a respectable 0.9 eV positive enthalpy of formationat 500 GPa.Fig. 4.4 shows the electron density isosurface of XeFe2 in the hexagonal Laves phase, corre-sponding to a value of 0.76 electrons/�A3. While bonds between the Fe atoms (smaller spheres) arevisible, no bond is formed between the Xe atoms (big spheres) and Fe. In fact, the charge densitydistribution around the Xe atoms is close to spherical. Thus, any incipient Xe-Fe bonding is soweak that it does not compensate for the energetic cost of breaking the strong Fe-Fe bond in iron,even at 150 to 500 GPa. The energetics are so unfavorable, that this conclusion is likely to be truefor other structures and Fe/Xe stoichiometries than those we have considered.In conclusion, our ab initio calculations indicate that Xe and Fe are unlikely to form a compound,even at high pressures. This does not necessarily mean the Xe could not be trapped in Earth's core.In fact, from our calculations, we �nd that for pressures larger than about 80 GPa, hcp Xe has ahigher mass density than hcp Fe (see Fig. 4.5), and could therefore reside in the core. However,
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Figure 4.4: Electron density isosurface of XeFe2 in the hexagonal Laves phase at 150 GPa, corre-sponding to a charge density of 0.76 electrons/�A3. The larger spheres are Xe, the smaller ones areFe. While bonds are visible between iron atoms, there is no bond between Xe and Fe.
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Figure 4.5: Computed density (in g/cm3) of hcp Xe and Fe as a function of pressure. Above about80 GPa, Xe has a higher density than Fe.



Chapter 4. Structure and geochemistry of xenon at high pressures 43more research is necessary to determine if this observation can lead to a credible explanation of themissing xenon.



44Chapter 5Ab initio calculation of the NMR chemical shift5.1 IntroductionNuclear magnetic resonance (NMR) is one of the most widely used experimental techniquesin structural chemistry. In particular, the measured chemical shift (�) spectra are a �ngerprintof the molecular geometry and the chemical structure of the material under study. Although theinterpretation of these spectra generally relies on empirical rules, ab initio calculations of � formolecules have led in many cases to an unambiguous determination of the microscopic structure[92]. Moreover, it is nowadays possible to measure � also in solids with the resolution requiredfor structural determinations [93, 94]. E.g., �-spectra have been used for the characterization ofamorphous carbon [95].In NMR experiments, a uniform magnetic �eld Bext is applied to a sample. The external �eldinduces a magnetic �eld Bind(r), such that the total local magnetic �eld is B(r) = Bext +Bind(r).If there is a nucleus in the sample at position rN with a spin of e.g. 1=2, and an associatedmagnetic moment �N , the nuclear spin up and down states are separated by an energy 2jB(rN )j�.The nuclear state for which the magnetic moment is parallel to B has lower energy, and is morepopulated than the other state. An incoming electromagnetic wave at the resonance frequency! = 2jB(rN )j�=�h, typically in the MHz regime, will introduce transitions between the nuclear spinlevels, and will be absorbed. Thus, by measuring the frequency of maximum absorption, one candetermine the magnetic �eld at the position of the nucleus. The induced �eld Bind(rN ) dependson the electronic structure in the vicinity of the probed nucleus, and therefore a characteristic shift(called the chemical shift) of the resonance frequency will be observed when the same nucleus isprobed in di�erent chemical environments. Many other interesting quantities can be measured withNMR, for instance the spin relaxation times T1 and T2 and, by quadrupole resonance, electric �eldgradients at the nucleus [96, 97]. In this chapter, only a single aspect will be considered, which isthe NMR chemical shift of insulators.Several distinct e�ects contribute to the induced magnetic �eld: the alignment of electronicand nuclear magnetic moments along Bext, and the induced orbital motion of the electrons. Forinsulators, the electronic spin does not contribute to the chemical shift, as the rather small Bextdoes not lead to a net electronic spin. The induced magnetic �eld due to nuclear spin alignmentis either very small, or deliberately suppressed by special experimental techniques such as magicangle spinning (MAS) or multi-pulse sequences [98]. Under these circumstances, Bind arises solelyfrom induced electron motion. In this chapter, a new ab initio method [99, 100, 101] is presentedto calculate the induced �eld due to electronic orbital motion. Such calculations were possible for�nite systems before, and in fact have been carried out for atoms and molecules since the midseventies[102]. However, with the new method presented below, in�nite periodic systems can nowbe treated for the �rst time. This has clear advantages for crystals, amorphous solids, and liquids,where large cluster simulations are expensive, and complicated by arti�cial surface e�ects.
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Figure 5.1: An applied external magnetic �eld Bext causes a macroscopic surface current densityK, which leads to a contribution to the induced �eld Bind deep inside the sample.5.2 NMR chemical shift tensor and magnetic susceptibilityThe goal of NMR chemical shift calculations is to compute the induced magnetic �eld Bind(r).For the relatively small magnetic �elds used in experiments, say, a few Teslas, there is a linearrelationship between the external �eld Bext and the induced �eld:Bind(r) = � $� (r)Bext : (5.1)Here, $� is the chemical shift tensor or shielding tensor, which will be computed below. NMRexperiments measure only the symmetric part 12 ($� + $�T ), or often just the isotropic shift � =13Tr($� ). One peculiar aspect of $� is its dependence on the shape of the sample. As is well knownfrom classical magnetostatics [103], Bext gives rise to a macroscopic current densityK on the surfaceof the sample, which in turn yields a sample-shape-dependent contribution to Bind, even deep insidethe sample. This is depicted in Fig. 5.1. As a consequence, when $� is calculated in Fourier space:$� (r) =XG $~� (G)eiG�r ; (5.2)for a periodic system with reciprocal lattice vectors G, then $~� (G) is a bulk property for G 6= 0,i.e. it is independent of the sample shape. On the other hand, $~� (0) depends on the sample shapefor the reasons mentioned above. In NMR experiments, only a few sample shapes are typicallyused: a cylindrical sample parallel or perpendicular to the external �eld, or a spherical sample. Byconvention, the chemical shift tensor is quoted for a spherical sample shape, but given the magneticsusceptibility, one can easily convert from one sample shape to the other. Assuming an isotropicmagnetic susceptibility �, one �nds the diagonal components of $~� (0) to be �8�3 � for a sphere, or�2�� and �4�� for a cylinder perpendicular and parallel to Bext, respectively.



Chapter 5. Ab initio calculation of the NMR chemical shift 465.3 Chemical shift tensor as an energy derivativeGiven a microscopic current density J(r) due to Bext, the induced magnetic �eld isBind(r) = 1c Z J(r0)� r� r0jr� r0j3d3r0 : (5.3)Fourier transforming the entities in (5.3), and excluding the G = 0 case for the moment, one arrivesat Bind(G) = �4�ic � GjGj2 � J(G) : (5.4)Furthermore, J can be related to the �rst derivative of the energy with respect to the magnetic�eld. To see this, a vector potential A is introduced in the special form:As = cBsaseis�r ; (5.5)where as = � ic� s� b̂sjsj2 : (5.6)Taking the curl of As, one obtains a magnetic �eld with scalar amplitude Bs in the direction of theunit length vector b̂s, modulated with a wave vector s:Bs = Bsb̂seis�r : (5.7)The energy density depends on the vector potential through the full many-body HamiltonianH, which is, using atomic units (�h = m = e = 1):H = X� Z d3r  y�(r) �12(�ir+ 1cA)2 + Vext(r)� �(r)+12X�� Z d3r Z d3r0 y�(r) y�(r0) �(r0) �(r)jr� r0j :Here, Vext is the external potential generated by the atomic nuclei, and  is the �eld operator. Theindices � and � denote spin quantum numbers. To arrive at the energy density, the Hamiltonian isbracketed between the many-body ground state jgi:E = 1
hgjHjgi : (5.8)
 denotes the total volume of the system. Notice that jgi itself also depends on the vector potential,as the ground state depends on the Hamiltonian.The many-body expression for the electric current density of an electron system isJ(r) = �12hgjX�  y�(r)(�ir+ 1cA(r)) �(r) + �(�ir+ 1cA(r)) �(r)�y  �(r)jgi : (5.9)



Chapter 5. Ab initio calculation of the NMR chemical shift 47That the current is a derivative of the energy density with respect to the magnetic �eld can beseen by starting from Eq. (5.8), substituting the vector potential from Eq. (5.5), and choosing theperiodicity of the magnetic �eld to be s = �G. One immediately �nds that@E@B�G = �� ic� b̂�G � (G� J(G))jGj2 ; (5.10)and hence with Eq. (5.4) @E@B�G = � 14� b̂�G �Bind(G) : (5.11)Finally, the chemical shift tensor can be calculated by taking the derivative of the Fourier-transformed Eq. (5.1), Bind(G) = � $~� (G)Bext ; (5.12)with respect to a constant external �eld, Bext = B0b̂0. Thus combining (5.12) and (5.11), one �nds@2E@B�G@B0 �����B=0 = 14� b̂�G� $~� (G) � b̂0: (5.13)Evidently, $~� is directly proportional to the G0 = 0 column of the susceptibility matrix $� (G;G0),which is de�ned as � @2E@B�G@B�G0 �����B=0 = b̂�G� $� (G;G0) � b̂�G0 : (5.14)As mentioned in the beginning of this section, $~� (0) must be treated separately, taking into accountthe sample shape. The following section will outline the calculation of the second energy derivativein Eq. (5.14).5.4 Perturbation theoryIt has been shown in Section 5.3 that $� is closely related to the magnetic susceptibility via Eqs.(5.13) and (5.14). In this section, a calculation of $� (G;0) by means of perturbation theory ispresented.To calculate the second derivatives in (5.13), some assumptions must be made about the de-pendence of the energy on the vector potential. We work within the Kohn-Sham density functionalformalism, and assume that the energy density depends on the vector potential and the single-particle ground-state orbital wave functions j ii viaE = 1
 (2Xi2Oh ij12(p+ 1cA)2j ii+ Z d3r�(r)Vext(r) (5.15)+ 12 Z d3r Z d3r0�(r)�(r0)jr� r0j +Exc[�]� :Because of spin degeneracy, the sum over the occupied (O) orbital wave functions runs only over halfthe number of electrons in the system. The momentum operator is denoted with p = �ir. Notice



Chapter 5. Ab initio calculation of the NMR chemical shift 48that the exchange-correlation energy Exc depends only on the electron density, which is computedfrom the wave functions in the usual way, �(r) = 2Pi2O jh ijrij2.Introducing the vector potential into the energy functional as in (5.15) is an approximation. Tobe exact, one should use current density functional theory, where the exchange-correlation energydepends not just on �, but on the current as well. Indeed, approximate current density functionalshave been proposed, which take this into account [104]. For the systems considered in this thesis,the e�ects are small though [105], and thus Eq. (5.15) is a good approximation for the evaluationof the energy derivatives with respect to B up to second order.Particular care must be taken when perturbation theory is applied to in�nite systems in amagnetic �eld. For instance, the expectation value of the square of the vector potential for aconstant magnetic �eld in the symmetric gauge, h j(12Bext�r)2j i, diverges if the wave function j ibecomes an in�nitely extended Bloch function. To make the divergences manageable, the externalmagnetic �eld is modulated with a �nite wave vector q. Later, the limit of q ! 0 is performed torecover the limit of a uniform �eld. Since in (5.13) there are derivatives with respect to magnetic�elds of wave vector 0 (the external �eld), and �G (the \probe" �eld), a vector potential of theform: A(r) = cBqaqeiq�r + cB�G�qa�G�qe�i(G+q)�r (5.16)is chosen. Here, aq and a�G�q are de�ned as in (5.6). Taking the curl of A in (5.16) shows thatthe corresponding magnetic �eld isB(r) = Bqb̂qeiq�r +B�G�qb̂�G�qe�i(q+G)�r ; (5.17)which in the limit q ! 0 turns into the sum of a constant �eld and a �eld with wave vector �G.One has to modulate the second �eld with �(G+q) rather than just �G in order to get appropriatebehavior for �nite q. With this particular form (5.16) of the vector potential, the energy derivativein Eq. (5.14) is now computed from the energy functional (5.15):@2E@Bq@B�G�q �����B=0 = 2
 Xi2O "h ij @2H@Bq@B�G�q j ii (5.18)+ h ij @H@B�G�q @j ii@Bq + @h ij@Bq @H@B�G�q j ii#�����B=0 :Here, the single-particle Kohn-Sham Hamiltonian H has been introduced, which is de�ned as@E@h ij = Hj ii : (5.19)It follows from (5.16) and (5.15) that the derivatives of the Hamiltonian H are:H 0q := @H@Bq �����B=0 = 12 heiq�raq � p+ aq � p eiq�ri (5.20)H 0�G�q := @H@B�G�q �����B=0 = 12 he�i(G+q)�ra�G�q � p+ a�G�q � p e�i(G+q)�riH 00q;�G�q := @2H@Bq@B�G�q �����B=0 = haq � a�G�qe�iG�ri :



Chapter 5. Ab initio calculation of the NMR chemical shift 49Notice that when computing (5.20), we have neglected the dependence of the Hamiltonian on theelectron density (which in turn depends on the magnetic �eld). This is not an approximation,because the electron density is a scalar under time inversion [103], but the magnetic �eld changessign, and hence by time reversal symmetry, the electron density cannot depend on the magnetic�eld to �rst order.Calculating the derivative of the wave functions by �rst order perturbation theory, and assumingthe wave functions to be Bloch functions j iki of energy �ik, labeled with a band index i and crystalmomentum k, one �nds:@2E@Bq@B�G�q ����B=0 = 2
 "
Z d3k(2�)3 Xi2Oh ikjH 00q;�G�qj iki (5.21)+
2 Z d3k(2�)3 Z d3k0(2�)3 Xi2Oj 6=i � h ikjH 0qj jk0 ih jk0 jH 0�G�qj iki�ik � �jk0 + h ikjH 0�G�qj jk0ih jk0 jH 0qj iki�ik � �jk0 �375 :Notice that the sum with index j covers the full spectrum. Because of the computational cost ofcomputing the full spectrum �jk, Eq. (5.21) is mostly for didactic purposes. As will be shown later,the derivative of the wave function can be obtained without a sum over \excited" states. But �rst,the periodicity j jki = eik�rjuk;ji of the Bloch states and (5.20) are used to arrive at:@2E@Bq@B�G�q �����B=0 = 2 aq � a�G�q Z d3k(2�)3 Xi2Ohuk;ije�iG�rjuk;ii+ f(aq;a�G�q;G;q) ; (5.22)where for convenience, a function f has been de�ned as:f(aq; a�G�q;G;q) := (5.23)2 Z d3k(2�)3 Xi2Oj 6=i " huk;ijaq � (�ir+ k� q=2)juk�q;jihuk�q;j je�iG�ra�G�q � (�ir+ k)juk;ii�ik � �jk�q+ huk;ije�iG�ra�G�q � (�ir+ k+ q)juk+q;jihuk+q;j jaq � (�ir+ k+ q=2)juk;ii�ik � �jk+q # :Now, a few de�nitions are necessary to show how (5.23) can be calculated e�ciently. First, theperturbed wave function juq;aqk;i i is de�ned as:juq;aqk;i i :=Xj2E juk+q;jihuk+q;j jaq � (�ir+ k+ q=2)juk;ii�ik � �jk+q : (5.24)Notice the sum over all unoccupied (\empty") states (E), which is expensive to compute. However,juq;aqk;i i can be obtained much faster by solving the following system of linear equations:(�ik �Hk+q)juq;aqk;i i = "1� Xm2O juk+q;mihuk+q;mj# aq � (�ir+ k+ q=2)juk;ii ; (5.25)using e.g. a conjugate gradient algorithm. Armed with juq;aqk;i i, straight forward algebra leads from(5.23) tof(aq;a�G�q;G;q) = Z d3r e�iG�r hh(aq;a�G�q; r;q) + h�(a�q;a��G�q; r;�q)i ; (5.26)



Chapter 5. Ab initio calculation of the NMR chemical shift 50where h is de�ned as:h(aq;a�G�q; r;q) = Z d3k(2�)3 Xi2O hhuk;ijrihrja�G�q � (�ir+ k+ q)juq;aqk;i i (5.27)+ huk;ija�G�q � (�ir+ k)jrihrjuq;aqk;i ii :It is evident from (5.26) that once h(aq;a�G�q; r;q) and h�(a�q;a��G�q; r;�q) are computed,f(aq;a�G�q;G;q) is readily calculated with a Fast Fourier Transform.5.5 Handling divergences with the sum ruleAlthough it is now clear that f(aq;a�G�q;G;q) can be computed e�ciently, one still has to dealwith the divergences from which Eq. (5.22) su�ers. In fact, for G 6= 0, both the �rst and the secondterm diverge individually like � 1q as q ! 0, but their sum is �nite. It turns out that a sum rule canbe used to recast the �rst term into a more convenient form. First, consider f(aq;a�G�q;G;q = 0),i.e. q = 0 only for the last argument of f . Then, by (k �p)-perturbation theory, the perturbed wavefunction is just the derivative with respect to k:Xj 6=i juk;jihuk;jjaq � (�ir+ k)juk;ii�ik � �jk = aq � djuk;iidk : (5.28)Inserting (5.28) into the de�nition of f in Eq. (5.23) one �nds:f(aq;a�G�q;G;0) = Z d3k(2�)3 Xi2O �huk;ije�iG�ra�G�q � (�ir+ k) aq � djuk;iidk+ huk;ija�G�q � (�ir+ k)e�iG�r aq � djuk;iidk+ dhuk;ijdk � aq a�G�q � (�ir+ k)e�iG�rjuk;ii (5.29)+ dhuk;ijdk � aq e�iG�ra�G�q � (�ir+ k)juk;ii� :An integration by parts then leads tof(aq;a�G�q;G;0) = �2 Z d3k(2�)3 Xi2Ohuk;ije�iG�ra�G�q � aqjuk;ii : (5.30)Using (5.30), one can rewrite (5.22) as:@2E@B0@B�G �����B=0 = limq!0 [f(aq;a�G�q;G;q) � f(aq;a�G�q;G;0)] : (5.31)Still, the two terms in (5.31) diverge, since f is linear in the divergent arguments aq and a�G�q.However, the divergences can be handled by using the linearity in the �rst two arguments, and Eq.(5.6): @2E@B0@B�G �����B=0 = limq!0 1c2jqjjG+ qj2 hf(q̂� b̂q; (G+ q)� b̂�G�q;G;q) (5.32)� f(q̂� b̂q; (G+ q)� b̂�G�q;G;0)i ;



Chapter 5. Ab initio calculation of the NMR chemical shift 51or, for G 6= 0, this can be written as a �rst derivative:@2E@B0@B�G �����B=0 = @c2G2@qf(q̂� b̂0;G� b̂�G;G; qq̂)����q=0 : (5.33)In the current implementation, the derivative is computed by �nite di�erences using the followingnumerically convenient form:@2E@B0@B�G �����B=0 = (5.34)limq!0 12c2jqjjGj2 hf(q̂� b̂0;G� b̂�G;G; qq̂)� f(q̂� b̂0;G� b̂�G;G;�qq̂)i :Likewise, the G = 0 component is obtained by taking the limit:@2E@B0@B0 �����B=0 = limq!0 12c2jqj2 hf(q̂� b̂0; q̂� b̂0;0; qq̂) + f(q̂� b̂0; q̂� b̂0;0;�qq̂)� 2f(q̂� b̂0; q̂� b̂0;0;0)i (5.35)= @22c2@q2 f(q̂� b̂0; q̂� b̂0;0; qq̂)�����q=0 :By using the sum rule (5.30), the \diamagnetic" �rst and \paramagnetic" second term in (5.22)are treated on an equal footing, thereby removing the gauge-invariance problems that have plaguedsome of the early quantum chemistry calculations. If the diamagnetic and paramagnetic terms weretreated separately, numerical errors due to e.g. insu�cient basis set convergence could a�ect thediamagnetic and paramagnetic terms di�erently, resulting in a dependence on the gauge.5.6 Implementation using pseudopotentials and plane wavesThe preceding theory is rather general, and applies to any system described by a density func-tional of the form (5.15). For the calculations presented in this thesis, only the magnetic responseof valence electrons will be considered. The ionic cores are described by norm conserving pseudopo-tentials [55] in the Kleinman-Bylander form [71]. This approximation does not a�ect � of the nucleiwithout core electrons, such as H, but those containing core electrons. In the latter case � computedwith pseudopotentials di�ers from the one computed with an all-electron scheme by three di�erentterms: i) the diamagnetic core contribution, which is independent of the chemical environment; ii)a contribution due to the transitions from valence states to core states [99]; iii) a contribution dueto the di�erence between the all-electron valence wave functions and the pseudo wave functionsin the core region. By numerical experiment, one �nds that, for �rst row atoms, the terms ii)and iii) are usually much smaller than the range of variation of � with the chemical environment.Finally, in pseudopotential calculations, the operator (�ir+ k+ q=2) in Eq. (5.25) is replaced by(vpk + vpk+q)=2, where vpk = (d=dk)Hpk is the velocity operator, and Hpk is the pseudo-Hamiltonian.By trial and error, this turned out to give improved agreement with quantum-chemistry all-electroncalculations. Work on a better theoretical foundation for handling the nonlocal pseudopotentialoperator is in progress.



Chapter 5. Ab initio calculation of the NMR chemical shift 52�-theory (ppm) �-experiment (ppm)H2 25.9 26.2aCH4 30.7 30.61aC2H6 29.7 29.86bC2H4 24.5 25.43bC2H2 28.6 29.26bTable 5.1: Computed and measured H chemical shifts (�) in parts per million (ppm) for a set offree molecules. aRef.[106], bRef.[107].With the usual plane-wave expansion of the wave functions, the computational cost to compute� is comparable to the e�ort of computing the total energy in LDA-DFT. Both schemes scale withthe third power in the number of atoms in the unit cell.5.7 Test calculations on moleculesIn order to test the new method, the hydrogen chemical shifts for a set of small molecules arecomputed. A local pseudopotential of the Kerker type [36] with a cuto� radius of rc = 1:0 a.u. isused for hydrogen. For carbon, a Troullier-Martins [55] pseudopotential with rc = 1:1 a.u. and anon-local s-projector of the Kleinman-Bylander type [71] is employed. An energy cuto� of 70 Ryfor the plane wave expansion is su�cient. To simulate the molecules as periodic systems, a supercellgeometry is used, and the size of the supercell is increased until the error in � due to the periodicreplica is less than 0.1 parts per million (ppm).The results for a set of molecules are reported in Table 5.1. All the computed values are inexcellent agreement with experimental data. The discrepancies are larger for C2H4 and C2H2, inwhich a double and a triple C-C bond exist, respectively. This could indicate a relatively largerinaccuracy of LDA in describing these types of bonds. Similar agreement with experiments for thehydrogen � in molecules was found in previous quantum-chemistry calculations [106, 105].



53Chapter 6NMR chemical shift of diamond and amorphous carbon6.1 IntroductionPolycrystalline diamond thin �lms, grown by chemical vapor deposition (CVD), and diamond-like amorphous carbon thin �lms possess the outstanding physical properties of bulk diamond, suchas high thermal conductivity, hardness, chemical inertness, and optical transparency in the infraredregion. Their possible applications include wear-resistant coatings and thin-�lm semiconductordevices. E.g., diamond-like amorphous carbon is currently used as a protective layer in magneticdisks. Considerable e�orts have been undertaken to understand the microscopic structure of these�lms. Nuclear magnetic resonance (NMR) is becoming increasingly important in this investigation;especially for the characterization of amorphous carbon [95, 108, 109, 110, 111, 112, 113, 114, 115],but also for the study of CVD diamond [116, 117, 118]. In this chapter we present the �rst abinitio calculations of carbon chemical shifts in crystalline and amorphous solids. We compute thechemical shift spectra of diamond, CVD diamond, and diamond-like amorphous carbon with andwithout hydrogen. Our results are in excellent agreement with experiments, and are useful for theinterpretation of NMR spectra in terms of the microscopic structure of the materials.6.2 Notation and testsThe isotropic chemical shift � = Tr[$� ]=3 is calculated as described in chapter 5. We denote withH � the chemical shifts at the hydrogen nuclei, and with C � the chemical shifts at the carbon nuclei.A norm-conserving pseudopotential [55] in the Kleinman-Bylander form [71] with a cut-o� radiusof rc = 1:1 a.u. is used. For H, we adopt a purely local pseudopotential whereas for C, a non-locals-projector augments the local potential. The plane-wave basis energy cuto� is 70 Ry. Followingthe experimental convention, we will quote chemical shifts relative to the standard reference systemof liquid tetramethylsilane TMS at room temperature,�TMS(sample) = �[�(sample)� �(TMS)]; (6.1)where � is the absolute chemical shift measured for a spherical shape. Because of the pseudopotentialapproximation used, we do not compute �(TMS), but rather for the H �TMS, we use the experimentalvalue of H �(TMS) = 30:97 ppm, and, for the C �TMS, we �x C �(TMS) by imposing that thecomputed value of C �TMS for gas CH4 is equal to the experimental value of �11 ppm [119]. H�(TMS) can be obtained from H � of gas CH4, [120] from the relative shift between gas CH4 andgas TMS [121], and from the relative shift between gas TMS and liquid TMS [122].The accuracy of our method for the H � has been shown in chapter 5. In Table 6.1 we validateour approach for the C �TMS in a set of free hydrocarbons. The molecular structures are taken fromexperiments. In C6H6 rCH = 1:101 �A, rCC = 1:399 �A. For the other geometries see [100]. Table 6.1shows that the chemical shift is sensitive to the C hybridization. The agreement between theory



Chapter 6. NMR chemical shift of diamond and amorphous carbon 54�TMS-theory [ppm] �TMS-experiment [ppm]C2H6 5.3 3.2C2H4 109.4 119.6C2H2 60.6 66.9C6H6 110.0 126.9Table 6.1: Computed and measured [119] C chemical shifts (�TMS) for a set of hydrocarbons in thegas phase. V (a.u.3) �TMS-theory [ppm] �TMS-experiment [ppm]67 19.3770 24.5273 29.6976.761 36.17 34.5479 40.00Table 6.2: Computed and measured [116] C chemical shifts (�TMS) for the diamond crystal as afunction of the unit cell volume V . The experimental equilibrium V is 76.761 a.u.3.and experiment indicates that in C the error due to the pseudopotential approximation is minor.Similar results for these �nite systems have been obtained in Ref. [106].6.3 CVD diamondIn Table 6.2 we present our results for C �TMS in crystalline diamond as a function of the unitcell volume (V ). At the equilibrium volume, the experimental and theoretical data are in excellentagreement. Within the range considered, �TMS varies linearly with the volume, and d�TMS=dV =1:72 ppm=a:u:3. From the value of the bulk modulus in diamond, we obtain the variation of �TMSwith the applied pressure P , d�TMS=dP = 0:30ppm/GPa. With this information, �TMS could beused as a pressure gauge in diamond.Our results are useful to determine the mechanism for the NMR and Raman line-width inpolycrystalline CVD diamond, where the Raman shift (
) measures the optical phonon frequencyat the zone center. The Raman line-width (�
) is often used to characterize the quality of theCVD diamond �lms. Indeed, a correlation between �
 and the size, the regularity and the opticaltransparency of the �lms [123, 116], have been observed. Alternatively, one can use the NMR line-width (��TMS) since a strong correlation between the two line-widths has also been observed [116](see Fig. 6.1). The microscopic source of these line broadenings is still unclear. Two mechanismshave been proposed [123, 116]:1. The broadenings are related to the presence of defects; �
�1 is proportional to the phononlifetime which is reduced by the scattering with the defects, and ��TMS is determined by theparamagnetic perturbation given by the defects.2. The broadenings are due to local 
uctuations in the stress (�P ). In this case both �
 and��TMS would be proportional to �P , and �
 = c��TMS, where c = jd
=dP jjd�TMS=dP j�1.
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Figure 6.1: Raman versus NMR line width in CVD diamond. The circles are experimental pointsobtained for di�erent samples [116]. The line is the result of our theoretical model based onstress/volume 
uctuations.While we cannot rule out mechanism 1), we can verify quantitatively if mechanism 2) is apossible explanation. In this case, using the value for d
=dP from Ref. [124], we obtain �
 =��TMS � 9:7cm�1=ppm. This linear relationship is shown in Fig. 6.1, along with the experimentaldata. The agreement between the theoretical data and experiment supports that stress 
uctuationsare the dominant source of line broadening for NMR and Raman experiments. Here we have assumedthat the stress 
uctuations are hydrostatic. Note that in diamond (a cubic crystal), a pure shear
uctuation would broaden the Raman line but not the NMR line. Indeed, a pure shear splits thethree-fold degenerate Raman line, but does not shift �TMS up to linear order in the deformation.6.4 Amorphous carbonFinally, we discuss our results for amorphous C. To compute the NMR spectra of amorphousC we use atomic geometries generated by ab initio molecular dynamics simulations. We consider



Chapter 6. NMR chemical shift of diamond and amorphous carbon 56two di�erent samples: a hydrogenated sample, at a density of 2.2 g/cm3, with 64 C atoms and 12H atoms (16 at.%) in a cubic supercell [125], and a pure-C sample, at a density of 2.9 g/cm3, with64 C atoms [126]. Note that the value of the density given in reference [125] is miscomputed. Wecompute H and C �TMS, and compare our results with experimental data obtained on two similarsamples: a hydrogenated sample, at a density of 1.8 g/cm3, with 35 at.% of H [95], and a pure-Csample at a density of 2.9 g/cm3 [108]. From the amount of 4-fold coordinated C and the H content,these samples qualify as hard diamond-like �lms. To obtain continuous spectra, we use a Gaussianbroadening with a standard deviation of 1 ppm and 6 ppm for H and C, respectively.The experimental [95] and theoretical H �TMS spectra for the hydrogenated samples are presentedin Fig. 6.2. In the experimental spectrum two distinct types of H have been identi�ed [95]. Thetwo types are characterized by two di�erent nuclear relaxation times, and are spatially separated.The experimental spectra, decomposed into slowly and fast relaxing H, are also shown in Fig. 6.2.In Ref. [95], the fast relaxing H, which have an average �TMS of � 5 ppm, have been assigned toH groups in a sp2-sp3 C network. The slowly relaxing H, with an average �TMS of � 2 ppm, havebeen assigned to polymeric (CH2)n chains. A two component spectrum has also been measuredin Ref. [109]. However, here the peaks at 5 ppm and 2 ppm have been attributed to H bondedto sp2 and sp3 C, respectively. These assignments are based on a comparison with the H �TMS ofhydrocarbons. Our theoretical spectrum is in excellent agreement with the experimental spectrumof the fast relaxing H. Our sample does not contain CH2 groups; the C are instead arranged in asp2-sp3 C network in which 11 H are bonded to sp3 C and 1 H is bonded to a sp2 C. Thus ourresults support the assignments of Ref. [95]. They are incompatible with the assignments of Ref.[109], which would predict for our sample a peak at 2 ppm.In Fig. 6.3, we show the C �TMS spectrum for the hydrogenated sample, which we comparewith the experimental data [95]. We decompose the theoretical spectrum into contributions comingfrom the 3-fold (sp2) and 4-fold (sp3) coordinated atoms, with and without a bond to a H. Acut-o� distance of 1.9 �A and of 1.4 �A is used to de�ne a C-C and a C-H bond, respectively.This decomposition con�rms the general expectation [95, 108, 109] that sp2 C atoms experiencea larger �TMS than the sp3 C atoms. Notice however that the position of the sp3 peak is at 75ppm, substantially deviating from the diamond resonance at 36 ppm. Within the sp3 peak, we canfurther distinguish the contribution due to hydrogenated C atoms, which exhibit a smaller �TMS.Hence increasing hydrogenation will move the sp3 peak peak to smaller �TMS. We have excellentagreement between theory and experiment in the location and in the shape of the peaks. Therelative weight of the peaks is di�erent because the theoretical and experimental samples have adi�erent H content and sp2/sp3 ratio.For the pure C samples, we show the experimental and theoretical C �TMS spectra in Fig. 6.4.As for the hydrogenated sample, we decompose the theoretical spectrum into contributions fromsp2 and sp3 bonded atoms. Again we observe good agreement between theory and experiment.However, in the experimental spectrum, there is a shoulder for �TMS > 150, which is not present inthe theoretical pure C spectrum nor in the hydrogenated spectra.In the theoretical spectra of the two samples, there is a small isolated peak at about 200 ppm.In the hydrogenated sample this peak stems from an sp2 atom bonded to three sp3 neighbors. Inthe pure carbon sample the peak is caused by a sp2 atom bonded to two sp3 neighbors and to onesp2 neighbor with its sp2 plane tilted by 900. In both cases the peaks originate from sp2 atomswhere the p orbital does not contribute to a � bond. This leads to a localized defect level in thegap with a paramagnetic shift. The immediate neighbors also experience a paramagnetic shift, but
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Figure 6.2: H chemical shift spectra in hydrogenated amorphous carbon. The upper panel showsthe experimental data from Ref. [95]. Along with the raw spectrum, in which all the H are probed(all), the spectrum of the fast relaxing H (fast rel.), and the spectrum of slowly relaxing H (slowlyrel.) are depicted. The lower panel shows the results of our ab initio calculation.
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Figure 6.3: C chemical shift spectra in hydrogenated amorphous carbon. The upper panel showsthe experimental data [95]. The lower panel shows the calculated spectrum. We decompose thetheoretical spectrum (all), into contributions from the 3-fold and 4-fold coordinated atoms notbonded to an H (3-fold and 4-fold), and the atoms bonded to an H (3-fold H and 4-fold H).
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Figure 6.4: C chemical shift spectra in pure amorphous carbon. The upper panel shows the exper-imental data [108]. The lower panel shows the calculated spectrum. We decompose the theoreticalspectrum (all), into contributions from the 3-fold and 4-fold coordinated atoms (3-fold and 4-fold).



Chapter 6. NMR chemical shift of diamond and amorphous carbon 60already the second shell atoms are a�ected only marginally, demonstrating the locality of �TMS inthe amorphous phase. Finally in the hydrogenated sample there is one twofold-coordinated atomwith an even more paramagnetic shift of �TMS = 326 ppm (not shown in Fig. 6.3).6.5 ConclusionIn conclusion, for the �rst time, a NMR chemical shift spectra calculation of real materialsin the crystalline and amorphous phases has been performed. The excellent agreement of thecalculated spectra with experiments, and the size of the samples that can be studied, establish themethod presented in chapter 5 as a useful tool for the interpretation of NMR spectra in solid statephysics, chemistry and material science. We show that the Raman and NMR line broadening inpolycrystalline CVD diamond can be attributed to stress 
uctuations. For hydrogenated amorphouscarbon, the computed H spectrum indicates that an assignment of H chemical shifts based ona comparison with the hydrocarbon spectra is incorrect. Instead, we support a heterogeneousmodel[95], according to which the experimental amorphous samples are a mixture of two spatiallyseparated phases; a sp2-sp3 C network and a polymeric (CH2)n chain structure. Finally, we con�rmthat like in molecules, the C chemical shifts in the amorphous phase are mostly determined by theC coordination.



61Chapter 7Surface state e�ects on the NMR chemical shift7.1 IntroductionIn the bulk of a crystal, as a general consequence of lattice periodicity, the electronic statesare extended. At a surface however, the translational symmetry of the crystal is broken, andlocalized electronic states, which are forbidden in the bulk, can exist. These surface states decayexponentially from the surface into the bulk, and play an important role in the electronic, chemical,and structural properties of the surface. They can be detected by surface-sensitive experimentaltechniques, e.g. with X-ray photoemission spectroscopy, ultraviolet photoelectron spectroscopy, orscanning tunneling microscopy. However, to our knowledge, only indirect experimental observationsof the surface states' decay have been reported [127]. In this chapter we present an ab initiocalculation of the 13C nuclear magnetic resonance (NMR) chemical shifts of a diamond surface, usingthe theory developed in chapter 5. In the atomic layers close to the surface, we �nd surprisinglystrong variations of the chemical shift, which are proportional to the probability density of anunoccupied surface state decaying into the bulk. Using this e�ect, it is then possible to measuredirectly the decay length of the surface state with NMR.The relevance of our theoretical �ndings is further enhanced by recent experimental advances insurface NMR. To study surfaces with NMR, one needs to selectively amplify the signal from surfaceatoms. This has been accomplished using optically pumped hyperpolarized gases. The NMR signalis proportional to the population di�erence in nuclear spin levels. At thermal equilibrium, thisdi�erence is usually less than 1 in 105, but with optical pumping, it is possible to reach valueswhich are close to unity. These techniques have been used to increase the NMR signal of 129Xe inthe gas and solid phases [128], or adsorbed on surfaces [129, 130]. Via cross polarization, the 129Xepolarization can be transfered to other nuclei, such as 1H or 13C [131, 132, 133, 134, 135]. In thecase of 129Xe adsorbed on a surface, the polarization is preferentially transfered to the nuclei closeto the surface, whose signal is enhanced by many orders of magnitude [132, 133, 134]. Moreover, onecan probe nuclei at di�erent distances from the surface by changing the contact time, and therebythe penetration depth of the spin polarization [133, 134].7.2 NMR chemical shifts on surfacesA uniform, external magnetic �eld Bext applied to a sample of matter induces an electroniccurrent density J(r), which gives rise to a non-uniform induced magnetic �eld, Bind(r). As explainedin chapter 5, even deep inside the bulk, the chemical shift tensor $� (r), depends on the shape of thesample and on the orientation of the external magnetic �eld. This e�ect is a signature of macroscopicsurface currents. In classical magnetostatics, the surface current is K = c�Bext� n̂?, where c is thespeed of light, n̂? is the outwardly directed normal to the surface, and � is the macroscopic magneticsusceptibility [103]. For a 
at surface, K = 0, if Bext is normal to the surface, and K = c�Bext, ifthe �eld is parallel. As a result, in the bulk far from the surface, the shift di�ers from that of the



Chapter 7. Surface state effects on the NMR chemical shift 62standard spherical sample (�sp); �?(bulk) = �sp(bulk)+ 83��, and �k(bulk) = �sp(bulk)� 43��. Thesubscripts ? and k denote the diagonal component of $� in the directions normal and parallel tothe surface, respectively. It is an important consistency check for our atomic-scale calculations thatinside the bulk, we indeed recover the behavior expected from macroscopic magnetostatics. We areinterested here in the microscopic surface e�ects, and therefore focus on the deviation from theseasymptotic bulk values at a distance z below the surface,�?(z) = �?(z)� �?(bulk);�k(z) = �k(z)� �k(bulk) : (7.1)By symmetry, for the ideal C(111):H surface, $� is a diagonal tensor when expressed in basis vectorsparallel and perpendicular to the surface. For an arbitrary surface, the o�-diagonal elements neednot vanish.7.3 Results for the hydrogenated diamond (111) surfaceWe now consider a particular surface, which is the ideal, hydrogen terminated (111) surface ofdiamond, C(111):H. The computational procedure is outlined in chapter 5. For C and H, the samepseudopotentials are used as in chapter 6. The wave functions are expanded in plane waves up to anenergy cut-o� of 70 Ry. For Brillouin-zone integrations, we use 15 special k-points in the irreduciblewedge of the Brillouin zone. To model the surface, a periodically repeated diamond slab of 20 Clayers is used, with a (111) hydrogenated ideal surface on each side. The unit cell is hexagonaland contains twenty C atoms and two H atoms. The length of the hexagonal lattice constant a isequal to 2.503 �A, such that the C bond lengths in the center of the slab are equal to the computedbond length of bulk diamond (1.533 �A). After relaxing the slab by minimizing its total energy, thedistance between the H and C layer is 1.116 �A. The distance between the �rst and second C layercontracts to 0.479 �A, which is 6% less than the corresponding bulk value. Negligible relaxations ofless than 1% are observed for the deeper layers.The results of our calculation for the slab are presented in Fig. 7.1, where for each C layer weplot �k(z) and �?(z) as a function of the distance z from the H layer. With increasing z into thecrystal, the shift approaches the bulk value, and �k(z) and �?(z) converge to zero. As Fig. 7.1shows, �?(z) is positive, i.e. a diamagnetic shift, and decays rapidly. When the �eld is parallelto the surface, the results are di�erent and quite unexpected. We �nd that �k is negative, i.e. aparamagnetic shift, and decays to zero much more slowly. Even �ve C layers deep into the bulk, �kis still -1.9 parts per million (ppm), a magnitude which can be detected experimentally. The large�k for the subsurface layers can not be explained by a structural relaxation mechanism, since justthe �rst C layer relaxes signi�cantly. We also note that �k of the even layers is essentially zero, andonly the odd layers show a slowly decaying �k. Finally, at the �rst layer, the change in the isotropicshift � = (2�k + �?)=3 is �18:9 ppm. This paramagnetic shift is contrasted by trends observed insaturated hydrocarbons and in amorphous carbon, where a replacement of a C-C single bond bya C-H bond moves the isotropic shift by between +2 and +13 ppm [136, 106], i.e. in the oppositedirection.
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Figure 7.1: The deviations of the chemical shift from the bulk value, �k(z) (circles) and �?(z)(squares) are plotted for each C layer as a function of the distance z from the H layer. We also plot��(z) (diamonds), where �(z) is the square amplitude of the surface state at the � point, integratedover an atomic sphere centered at each C site. The scale for � is chosen in such a way that, at thethird layer, ��(z) and �k(z) coincide. Notice the close agreement between the two quantities. Thelines are guides for the eye.



Chapter 7. Surface state effects on the NMR chemical shift 647.4 AnalysisTo understand these surprising results, we consider the current density induced by an externalmagnetic �eld parallel to the surface. To isolate the e�ect of the surface, we plot in Fig. 7.2 thedi�erence �J(r) between the slab and the bulk current density. The bulk J(r) is generated bytaking the current density from the central two layers, and periodically replicating it everywhere.From the �gure we see that �J(r) is localized on circular orbits around the atoms. Moreover, we�nd �J(r) to be negligible on all the odd layers, in coincidence with a vanishing �k(z). Theseobservations indicate that �k(z) for a given atom is mostly determined by induced currents aroundthat same atom.The trends observed for �?(z), �k(z), and �J(r) are related to the electronic structure of thesurface. Experimentally, the C(111):H surface exhibits a negative electron a�nity [137], i.e. theconduction band minimum is found to be 0.7 eV above the vacuum level. DFT-LDA reproduces thisproperty [138]. In our calculation, the conduction band minimum and the valence band maximumare 0.76 eV above and 3.41 eV below the vacuum level, respectively (the DFT-LDA fundamental gapbeing 4.17 eV). Furthermore, we �nd a non-degenerate, empty surface state band with a minimumat the � point of the Brillouin zone, 0.80 eV below the vacuum level. No occupied surface statesare present. These results are depicted in Fig. 7.3. The plane in which the surface state densityreaches its largest value is not located on a surface atom, but in the vacuum, 1.4 �A away from theH plane. Indeed the surface band originates from vacuum free electron states that are attractedby the tail of the potential near the surface. This kind of surface states are a general feature ofnegative electron a�nity surfaces, and are also observed in BN graphitic sheets [139].To understand the role of the surface states, we analyze the chemical shift by partitioning itinto a diamagnetic and a paramagnetic term [106], �n̂ = �d̂n+ �p̂n, where �n̂ is the diagonal elementof the tensor $� in the direction n̂, and�d̂n = e2mc2 occXi h ijr2 � (r � n̂)2r3 j ii (7.2)�p̂n = � 2e2m2c2 occXi empXj h ijn̂ � Lj jih j jr�3n̂ � Lj ii"j � "i : (7.3)Here j ki are the eigenstates of the Hamiltonian for the electrons with eigenenergies "k, the indicesi and j run over the empty and occupied states, respectively, and r and L are the position and theangular momentum operators relative to the nucleus for which � is computed. In principle, Eqs.(7.2) and (7.3) hold only in a �nite system, since in an in�nite solid �d̂n and �p̂n individually divergedue to the contributions at large r. However, we have shown that the deviation of �k(z) fromits bulk value for a given atom originates from variations of the current density, �J(r), localizedaround that same atom. This justi�es an estimation of �(z) � �(bulk) by means of Eqs. (7.2) and(7.3), with the spatial integrations restricted to the vicinity of the atom for which �(z) is measured.The diamagnetic term �d̂n is always positive, whereas �p̂n is usually negative. The presence of emptysurface states in the gap increases the paramagnetic term �p̂n, since the surface states lie belowthe bulk conduction band, and hence the energy denominators in Eq. (7.3) become smaller. Inparticular, for the extra surface state contributions, the numerator of Eq. (7.3) would be roughlyproportional to the square amplitude of the surface states on the atomic site. The diamagnetic term�d̂n, which depends on occupied orbitals only, is not a�ected by empty surface states.
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Figure 7.2: Current density induced by an external magnetic �eld Bext parallel to the surface in the(11�2) direction (coming out of the page). We show the current density in the (1�10) plane containingthe H atoms. Plotted is the di�erence �J(r) between the slab and the bulk J(r). �J(r) is notshown above the top C layer, which experiences a di�erent chemical environment since it is bondedto the H layer. The grey scale coded density plot visualizes the square modulus of the surfacestate at the � point. Dark corresponds to low and bright to high density. One can recognize thecharacteristic pz shape of this state, which leads to the di�erent behavior of �?(z) and �k(z) shownin Fig. 7.1. Notice that �J(r) is larger around the atoms on which the surface state resides.
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CONDUCTION BAND MINIMUM

VACUUM LEVEL

Figure 7.3: Positions of the bulk and surface bands with respect to the vacuum level, computedwithin DFT-LDA.For illustration, we single out the state at the � point, j �surfi, which has the lowest energy, andshould have the strongest e�ect on �p̂n according to Eq. (7.3). In Fig. 7.2, we show as a grey scalecoded density plot the square modulus of j �surfi. Indeed, �J(r) is larger where the surface stateprevails. In Fig. 7.1 we plot ��(z), where �(z) is the integral of the square amplitude of j �surfi overan atomic sphere of radius 0.42 �A, centered at each C site. The scale for � is chosen in such a waythat, at the third layer, ��(z) and �k(z) coincide. The close agreement between ��(z) and �k(z)indicates that �k is indeed proportional to the square amplitude of the surface state. The agreementis not perfect for the �rst C layer, which experiences a di�erent chemical environment since it isbonded to the H layer. Finally, because of the symmetry of the C(111):H surface, the expression(n̂? �L)j �surfi in Eq. (7.3) vanishes. This explains why the surface state does not contribute to �p̂nif the �eld direction n̂ is perpendicular to the surface.To understand why (n̂? � L)j �surfi in Eq. (7.3) vanishes, we decompose j �surfi in sphericalharmonics Y lm inside the atomic spheres, where l and m are integer, l � 0, �l �m � l, and the axisof quantization is n̂?. The surface possesses a 120o rotation symmetry along n̂? about the centerof a H atom. By this symmetry, the spherical harmonics coe�cients of a non-degenerate eigenstateat the � point are zero, if m 6= 3k, where k is an integer. Furthermore, in carbon the sphericalharmonics coe�cients with l > 2 are known to be negligible, for states near the gap. Under thisassumption, the only non-zero coe�cients would be those with m = 0, i.e. (n̂? � L)j �surfi = 0. Thedensity plot in Fig. 7.2 con�rms this observation, since j �surfi has the characteristic shape of a pz(Y 10 ) state.



Chapter 7. Surface state effects on the NMR chemical shift 677.5 ConclusionIn summary, we have shown that the presence of electronic surface states has a strong impact onthe NMR chemical shift of atoms near the surface. Unoccupied surface states cause a paramagneticdeshielding proportional to their square amplitude. This e�ect may be used as a means to measurethe spatial extent of surface states. We have illustrated the phenomenon for a 
at surface, but asimilarly strong e�ect can occur also for di�erent geometries, e.g. in semiconductor nanocrystals,or zeolites, whenever surface states are present.
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